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 Aim: 
◦ Analyse Kiln’s manual method of imparting tail 

dependence in their simulated loss data

 Method: 
◦ Copulas (particularly the empirical copula).

 Why?
◦ Reserving purposes.



 Data: Kiln Group simulated loss data.

 Introduction to Copulas and tail dependence.

 The Empirical Copula.

 Finding the Upper Tail Dependence Coefficient.

 Results, Conclusions, Further Work…



 Data for this research provided by Kiln Group.

 9 lines of business (LOBs).

 50,000 randomly generated sample loss values 
for each line of business.

 Three loss layers: 
◦ Large(L), Attritional(A) and Catastrophe (CAT) losses. 

 Each observation simulated using a convolution 
of distributions.



 Construction of one observation in a line of 
business

 Large loss: Gamma(α, β)

 Attritional loss: Exp (γ)

 CAT loss:    No. of CAT events X CAT loss size 
Pois (δ) X Exp(θ)

 Total loss value = Large + Attritional + CAT
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S <- matrix(c(1,0.8,0.8,1),2,2) 
#Correlation matrix

AB <- rmvnorm(mean=c(0,0),sig=S,n=1000) 
#Our gaussian variables

U <- pnorm(AB) 
#Now U has uniformly distributed columns

x1 <- qgamma(U[,1],2) x2 <- rgamma(n=1000, 2, 1)
#x is gamma distributed

y1 <- qbeta(U[,2],1,2) y2 <- rbeta(n=1000, 1, 2)
#y is beta distributed

plot(x1,y1) #They correlate!
plot(x2,y2) #They don’t correlate!
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 Left tail
◦ Clayton.

 Two tailed
◦ Student-t.

 Non-Parametric
◦ Empirical.

 Right tail
◦ Joe, Gumbel.
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Uses the Empirical CDF of the data.















Pairing LOB(5,6), 20 samples of 2,500 losses.
◦ Mean = 0.84    Standard deviation = 0.05



 Pairing LOB(5,6), 1 sample of 2,500 losses.

 t varied from 45 to 55.
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 Pairing LOB(2,9). 20 samples of 2,500 losses.
◦ Mean = 0.19   Standard deviation = 0.08 



 Pairing LOB(2,9), 1 sample of 2500 losses.

 t varied from 45 to 55.
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 Simulated 100 sets of 1000 bivariate gamma 
and beta observations using the Joe, Gumbel, 
Student-t and Gaussian copulas.

 Compare known upper tail dependence 
coefficient for each versus the estimate using 
the empirical copula.

 Done for cases of both strong and weak 
upper tail dependence/correlation.





Mean = 0.811       Standard Deviation = 0.056





Mean = 0.818       Standard Deviation = 0.060



 Student-t (ρ=0.95)        λu= 0.923

 Mean=0.821       Standard Deviation = 0.091





Mean = 0.240       Standard Deviation = 0.096

0.259





Mean = 0.272       Standard Deviation = 0.078

0.259



 Student-t (correlation coefficient ρ=0.2)  λu=0.177

 Mean = 0.209       Standard Deviation = 0.090



 Correlation coefficient ρ = 0.95,     λu= 0

 Mean=0.734        Standard Deviation=0.058 



Parametric copulas require distributional 
assumptions as to the nature of the data 
dependence structure.

Hence not suitable for data with a complex 
dependence structure already incorporating tail 
dependence.

Empirical copula is a useful post-modelling tool to 
assess upper tail dependence when tail 
dependence is present.



 Statistical package EmpCop to automate 
calculation of empirical copula tail dependence 
coefficient.

 R package VS Shiny package ???

 GIRO 2014



Questions and Feedback ?


