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Abstract

In this paper, we consider the Markov-modulated insurance risk model
with tax. We assume that the claim inter-arrivers, claim sizes and premium
process are influenced by an external Markovian environment process. The
considered tax rule, which is the same with the one considered by Albrecher
and Hipp [Albrecher, H., Hipp, C., 2007. Lundberg’s risk process with tax.
Blatter der DGVFM 28(1), 13-28], is to pay a certain proportion of the
premium income, whenever the insurer is in a profitable situation. A sys-
tem of differential equations of the non-ruin probabilities, given the initial
environment state, are established in terms of the ruin probabilities under
the Markov-modulated insurance risk model without tax. Furthermore,
given the initial state, the differential equations satisfied by the expected
accumulated discounted tax until ruin are also derived. We also give the

analytical expressions for them by iteration methods.
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1 Introduction

Ruin theory has been one of the main research topics in actuarial science since
the publications of Lundberg (1909) and Cramér (1930). There is a huge amount
of literature on ruin theory. The classical Lundberg problem has been extended
in various ways. In recent years, one interesting development is to consider more
general ruin functions rather than the ruin probability. In a seminal paper (see
Gerber and Shiu (1998)), Gerber and Shiu introduced the expected discounted
penalty function to provide a unified treatment of the time of ruin, the surplus
before ruin and the deficit at ruin. The expected discounted penalty function is
also called Gerber-Shiu function in the literature.

Another extension of the classical Lundberg problem is to consider more gen-
eral and reasonable models. Recently, the Markov-modulated insurance risk model
becomes popular. This model was proposed by Asmussen (1989) in which the
claim inter-arrivers and claim sizes are influenced by an external environment
process {J(t)}i>0. This model can capture the feature that insurance policies
may need to change if economical or political environment changes (see Zhu and
Yang (2007)). There has been considerable interest in this model. Lu and Li
(2005) study ruin probabilities under this model. Ng and Yang (2006) presents
some explicit results for the joint distribution of surplus before ruin and at ruin. Li
and Lu (2007), Zhu and Yang (2007) and Lu and Li (2008) consider the Markov-
modulated risk model with a dividend strategy. Li and Lu (2008) study the
expected discounted penalty functions (Gerber-Shiu function) and their decom-
positions and the dividends-penalty identity under this model.

Suppose that {J(t)}+>0 is a homogenous continuous-time Markov chain taking
values in a finite set J = {1,2,--- ,d} with generator Q = (g;j)axa. We further
assume that {J(t)}+>o is irreducible and recurrent with the stationary distribution
T = (T, 7o, "+, Tq).

At time ¢, given J(t) = 4, the premium rate is ¢;, claims arrive according to
Poisson process with rate \;, and the size of the claim which arrives at time ¢
follows the distribution F; with density f; and mean p;. We denote by X, and
Sn, respectively, the size the arrival time of the nth claim. Given {J(S,)}nen,
the sequence of claim sizes { X7, X, - - } are assumed to be mutually independent
and independent of {5, },neny and {J(f)}+>0. Define N(t) = max{n € N: S, <t}

as the number of claims up to time ¢. The counting process {N(t)}:>o is called a



Markov-modulated Poisson process, which is a special case of the Cox process.
Suppose the initial surplus is u > 0, the corresponding surplus process { R(t) }+>o

is given by
N(t)

Rty =u+C(t)= Y X,  t=>0, (1.1)

where C(t) denotes the aggregate premium received during interval (0,¢]. Let
T, be the time at which the nth transition of the environment process {J () }+>o
occurs and J, be the state of the environment after its nth transition. Reinhard
(1984) shows that

M(t)
C(t) = Z CJk71<Tk - kal) + Clay (t — TM(t)) , t>0,

k=1
where M (t) = max{n € N : T, < t}. From Reinhard (1984) ( see also Ng and
Yang (2006)), the condition of having a positive expected profit is

d

i=1
Let 7 = inf{t > 0 : R(t) < 0} be the time of ruin (7 = oo, if ruin does not

happen). Now define the ultimate ruin probabilities, given the initial environment
state is 4, i.e. J(0) =1, by

U;(u) = P{1T < oo|R(0) = u, J(0) =i}, e J,u>0.

The corresponding ultimate survival probabilities is defined by ®;(u) = 1 — W, (u).
Reinhard (1984) derives a system of integro-differential equations for the non-

ruin probabilities, ®;(u), for i = 1,2,--- | d:
u d
¢ (1) = N\ (u) — A / O;(u—2)dFy(z) = Y qi®i(u),  uw>0, (13)
0 =1

where ¢; = —¢;;. The equation (1.3) has a unique solution such that ®;(c0) = 1,
for 7 € J. For more about the solution, see Lu and Li (2005).

Albrecher and Hipp (2007) investigated how tax influences the behavior of
the ultimate ruin probability under the classical Lundberg’s risk model. They
assume that the tax is paid at a fixed rate v € (0,1) of the insurer’s income

(premia) whenever he is in a profitable situation, defined as being at a running



maximum of the surplus process. In this paper, we extend their results to the
Markov-modulated risk model which has been specified previously.

We denote by ~ the vector of tax rates, i.e. v = (v1,7%, -+ ,7)7, and by
R(t;~) the Markov-modulated risk process with tax rate . At time ¢, given
J(t) =i, we assume that the tax is paid at rate y; € (0, 1) of the insurer’s income
(i.e. the premium ¢;), if the insurer is in the profitable situation at time t, i.e.,
R(t;7y) = max{R(u,7y) : u < t}. Let 7(y) = inf{t > 0: R(t;y) < 0} be the time
of ruin. Then the the ultimate ruin probabilities, given the initial environment

state 7, can be defined by
Wi(u;y) = P{7(7) < oo|R(0;7) =u, J(0) =i}, i€Ju=0.

Similarly, the corresponding survival probabilities is defined by ®;(u;y) = 1 —
U, (u; ).

This paper is organized as follows. The non-ruin probabilities are studied
in the next section. A system of differential equations satisfied by the non-ruin
probabilities, given the initial environment state, are established in terms of the
ruin probabilities under the Markov-modulated risk model without tax. In Section
3, the expected accumulated discounted tax until ruin is considered, a system of
differential equation is derived. Finally, we give the analytical expressions by

iteration methods.

2  Ruin probability

Let us begin this section by showing how the risk process R(t;7) evolves. If
R(0;7) = u, then there is a period with profit in which tax must be paid until the
first claim arrives at time W, and has size Y;. Obviously, W; = S; and Y; = X;.

Then the gains level is set to

(Wh)
Ly =u+ Z CJy_q (1 - ’YJk_l) (Tk - Tk—1)+CJhI(W1) <1 - 7JM(W1)> (Wl - TM(Wl)) :
k=1

Then there is a period in which the insurer does not pay the tax until the risk
process reaches L, again, say at time o;. We have a period with profit until the
first claim after time oq, which happens at o; + W5 and has size Y5. Note that
there is some n € N such that o1 + W5 = §5,, and Y5 = X,,. The new gains level is



set to

Ly = Li+ CIn(oy) <1 - /VJM(01)> (TM(01)+1 - 01)
M(o1+Wa2)

+ Z Clr— (1 - 'VJk_1) (T — Th—1)
k‘=M(O‘1)+2

+CJ]\J(01+W2) (1 - 7JM(01+W2)) (Ul + Wy — TM(01+W2)) )

and so on. Let g = 0 and Ly = u, then for n > 1, we have

o, = inf{t >0, 1+ W,: R(t;7v) = L,},

W, = inf{t >0: N(o,,—1+1t) > N(on_1)},

Yo = R(op1+Wu—7) = R(on1 + W),

L, = L, 1+ Cortto, 1) (1 - nyM(Gnil)) (TM(gn71)+1 — an,l)

M<0'n71+Wn)

T Z Cli—a (1 - fYqu) (Tk - Tk71>
k=M(o,_1)+2

+CJM(gn_1+Wn) (1 — ’yJM(crn_quWn)> (O—nfl + Wn — TM(UR71+WH)) . (21)

The time intervals with profit are (0,1, 0,1+ W,), n > 1. The intervals without
profit are
I = On_1+ Wy, 04), n > 1.

It is easy to see that ruin happens for the process R(¢;~) only if R(t;7) < 0 for
some t € #,,n > 1. With the notation U(t) = sup{n € N: 0,1 + W,, < t}, we

can rewrite the surplus as

Ry(t;7), ou)—1+ Wuw <t < oy,

R(t;v) = (2.2)

Ry(t;7), oy <t < ouw + Wue+1s

where

f (t; 7) - LU(t) T CJ]VI(O'U(t)flJrWU(t)) (TM(UU(t>—1+WU<t))+1 T oU@-17 WU(t))
M(t)

+ Z ch_1(T/€ — Tk—l)
k=M(GU(t)—1+WU(t))+2
N(t)

+CJM(t) (t - TM(t)) - Z Yi,
i:N(UU(t)—l'i'WU(t))

bt



and

i) = B tesg, (17 0,) (s = ov)

M(t)

+ Z Cly_1 (1 - fYJk:—l) (Tk - Tk—l)
k=M (oy ) )+2

+CJM(t) <1 - VJM(t)) (t - TM(t)) :

Lemma 2.1. Foru >0 and i € J, if the condition

d

=1

holds, then W;(u;~y) < 1.

Proof. Define a new risk process

1 - (7 ~ ov1 ~ Wo)
+CJM("U(t)71+WU(t>) ( Pij("U(t)ﬁWU(t))) M(ou(-1+Wue)+1 — OUO-1 v
M(t)

+ Z CJr_y (1 - 7%4) (Tk - Tk—l) + Clarcry (1 - 7JM(t)> (t o TM(t))
k=M(0U(t)—1+WU(z))+2
N()

_ZYi

i=1
and let 7(y) be the corresponding time to ruin. From (2.1), it is easy to see

N
R(t;) =u+Ct;y) =YY

=1

where

=

)
C(t;y) = Z Clr—1 (1 - ’7Jk—1> (Te = Thm1) + Conve) (1 - ’YJJVI(t)) (t - TM(t)) :

k=1

Since R(t;7y) < Ri(t;7) < Ro(t;7), we have
P{r(7) < 0o} < P{F(7) < 00} < 1.

Proof of the last inequality can be found in Reinhard (1984) (see also (1.2)). O



For 0 <wu <1, let 7; be the first time that the surplus R(t) reaches level [, and
define

pij(u,l) =P{n <1, J(n) = j|R(0) = u, J(0) = i}, i,j €,
to be the probability that the surplus process R(t) attains level [ at state j from
initial state ¢ and initial surplus v without ruin.
Clearly, p;;(l,1) = x(i = j) for ,5 € J, where x(-) is the indicator function.
And from Li and Lu (2007), we have
P(u,1) = (pij(u,1)) g = V(W) v ()] (2.4)
where v(u) = (vi(u)),, 4 is an matrix whose columns are particular solutions to

the following system of integro-differential equations:

civs(u) = N (u) — )\Z-/O vi(u — x)dF;(z unvj (2.5)

with boundary conditions v(0) = I.
Theorem 2.1. For each fixed i € J and u > 0, ®;(u;7y) satisfies the following

integro-differential equation:

Gl — ) @uy) = M) — A / pr B, (u;7)dF(x)

d
- Z%jq)j(uﬂ)~ (2.6)

Proof. Distinguish the following cases: (i) the first transition of the environment
state occurs at time ¢ and the first claim arrives at time s before time ¢; (ii) the
first transition of the environment state occurs at time t before the arrival of the

first claim. By conditioning accordingly,

00 t utc; (1—7;)s
®i(u;y) = / gie” " / Aie /

0 0 0

d

sz'j(u +ei(l—=7)s —z,u+ci(1 —%)8)P;(u+ ¢;(1 — v)s;7)dFi(x)dsdt

0 t o
+/ )\ie’\"s/ ge 4t 5 qq#d%-(u + ¢;(1 — )t;v)dtds
0 0 T 1)
J#i

00 utci(1—y;)s d
= / Nie~Pitai)s / sz'j (u+ci(1 —7)s — x,u + ¢ (1 —7)s)
0 0

j=1

Qi(u+c;(1—)s;v)dF;(z)ds + / e~ itat qu (u~+ i (1 —)t;y)dt.
JF
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Changing variables w = u + ¢;(1 — )t (or w = u + ¢;(1 — 7;)s) gives

o0 )\l _ X . w—u
@l(u’ ’7) — / "t o, ()\ri’(h)ci(lf’h‘) / me (w -z, w)(b](w7 'y)dFl(q;)dw
o 1 _ . . w—u
+/ — e WmEa= Zqijq)j(w;v)dw.
w Ci(l—m) —
J#i
Differentiating the above equation with respect to u leads to (2.6). ]
With the notations
C(y) = diag(ci(l =), c2(1 =72),- -+ call = 7)),

A = diag()\l,)\g,---,)\d),
Az) = diag(\fi(2), Aafa(2), -+, Aafa(2)),

(2.6) can be represented in matrix notation,
COIP(w7) = (A~ QB(un) - [ A@WP - nu)de®(uin),  (2)
0

where ®(u;y) = (P1(u; ), Po(w;7), - -+, Palu;7))".
Let
U,i(u) = P{T < 00, J(7) = j|R(0) = u, J(0) = i}

be the ruin probability of the surplus R(¢) if the ruin is caused by a claim in state

7 given that the initial state is ¢ and we have for 7,5 € J,

From Li and Lu (2008), we have for i € J,

d

eV (1) = ABss(u) — Ay [ /0 Wa(u — 2)dF(x) + / N dFi(x)} =S (),

k=1

and for 7 # 7,

W (u) = \Wg5(u) — A /0 ' Uj(u— 2)dFi(x) = Y qiePi;(u),
or in matrix form
C¥'(u)=(A—Q)¥(u) — /Ou A(z)¥(u — z)dz — /OO A(x)dz, (2.8)

8



where W(u) = (V;;(u))axq and C = diag(cy, ¢, -+, cq)-

Next we are going to express (2.7) in terms of ¥ (u). Let ¥ (u) = (Vyj(u))axa =
I — ¥ (u) with I being the d x d identity matrix. From Li and Lu (2008), we have
for ;7 € J,

W (u) = AWj(u) — A /Ou Vii(u — ) fi(z)dr — Zq@k‘l’kg + Qi)
or in matrix notation
C¥'(u) = (A / A@) B (1 — 2)dr + Q. (2.9)
Further more, using the same method of Li and Lu (2008), we also have

V() = B(u) [ /\11 T A Ay (2.10)

where A = C~ 1Q[ 0 )} .
With (2.4) and (2.10), (2.7) can be written as

CON®(17) = (A— Q)B(u7) - { | A -0 [§0)] " do
/ / B(u—1— ) [@(0)] - da;Ae—Afdt} v(w)] ™ @ (u; ).

From (2.9) we have
C(®'(u;7) = (A= Q— A(uw)) (u;7), (2.11)

where

A) = { [(A —Q)¥(u) — C¥'(u) + Q] [@(o)} -
_ /Ou (A= Q¥(u—1)~ C¥(u—1)+Q| [#(0)] o Ae‘Atdt}
Lww[po] " [ew [o] " acsea)

Obviously, ®(u;~y) satisfies the boundary condition ®(c0;7y) = 1, where 1 =

(1,1,--- ;)T is a d x 1 column vector.

Remark 2.1. When d = 1 the model reduces to the model considered in Albrecher

and Hipp (2007); Q = 0, and then A(u) = A — C¥(u) ['if(u)] . In this case,
(2.11) simplifies to

C(7)® (u;7) = C¥'(u) [‘i’(U)} T (uin),

which can be found in Albrecher and Hipp (2007).



3 The expected discounted total tax payment
For 0 <u <l andi,j€J, define
Lij(u,l) =E [e”"x(n < 7, J(m) = j)|R(0) = u, J(0) = i]

where § > 0 is the discount factor. L;j(u,l) can be interpreted as the expected
present value of one dollar payable at time of reaching the level [ in state j without
ruin, given that the initial state is ¢ and initial surplus is u. Alternatively, it can
be viewed as the Laplace transform of the time to reach the level | without ruin,
with respect to the parameter 6. Let L(u,l) = (Li;(u,1)),,, be a matrix, from Li
and Lu (2008) we have L(l,l) =TI and

L(u, 1) = vs(u) [vs()] ", (3.1)

where vs(u) = (v;j(u;0))dxq is an matrix whose columns satisfy the system of

integro-differential equations

u d
civi(u;0) = (N + 0)vi(u; ) — )\i/ vi(u — x;0)dF;(z) — Z qiror(u; 9),
0 k=1

with boundary conditions v;;(0;6) = x(i = j) for i,j € J.

Now we modify the surplus process (1.1) by the payment of dividends according
to a constant barrier strategy: when the surplus exceeds a constant barrier [(> u),
dividends are paid continuously so the surplus stays at level [ until a new claim
occurs. Under such a modified model, let V;;(u,[) be the expected present value
of dividend payment before ruin if ruin is caused by a claim in state j given the
initial state ¢ and initial surplus u. Let V(u,l) = (V;;(u,1)),, 4 be a matrix. It
follows from Li and Lu (2008) that

V(u,l) = vs(u) [v5(D)] . (3.2)
From (3.1) and (3.2), we have
L(u,l) = V(u,) [V(I,1)]". (3.3)

Let D;(u) be the expected accumulated discounted tax until ruin for given
initial state ¢ € J and initial surplus v > 0. Similar to Albrecher and Hipp (2007),
we want to express the results for D(u) := (D;(u), Da(u), -+, Dg(u))T in terms

of V. Next we will show a differential equation satisfied by D(u).

10



Theorem 3.1. For u > 0, D(u) satisfies the following differential equation:
C(y)D'(u) = C[V(u,u)] ' D(u) - C, (3.4)
with boundary condition
D(00) = V (00, 00)7. (3.5)

Proof. First, for each i € J, we derive the integro-differential equation satisfied by

D;(u). Similar to the proof of Theorem 2.1, we have

00 t s
Dl(u) = / qie_‘htdt/ )\ie_AiSdS |:/ ci%e_‘hdx + 6_68
0 0 0

utc; (1—7;)s
X / Lij(u+ci(1 —v)s —z,u+c;(1 —7v)s)Dj(u+ ¢;(1 — v;)s)dF;(x)
0

e8] s t .
+/ e i / gie %t [/ cirvie O%dr + e Z %—ka(u + (1l — 'yi)t)] dtds
0 0 0 '

ki d;
0o utc; (1—v;)s
- / N~ Pitaito)s / Lij(u+ (1 —v)s —z,u+ (1 —;)s)
0 0

XDj(u+ ¢;(1 —;)s)dF;(x)ds + / e~ Qitaito)t Z Qix Di(u + ¢;(1 — ~;)t)dt
0 ki
Ci%i

Changing variables w = u + ¢;(1 — ;)t (or w = u + ¢;(1 — ;)s) leads to

00 A\ o " w
DZ(U) = /u m@ ()\’+q1+5)0i(17i)/0 L,](w—x,w)D](w)sz(x)dw

& 1 —(Nitgitd)—wTu Ci%i
+ — e TV e(lo) i D (w)dw + ———— (3.6

Differentiating the above equation with respect to u gives

(1= )Diw) = (A +06)Dilu) = A / " Lij(u — @)Dy ()dF(x)

d
- Z Qi Di(u) — ¢iyi.
k=1
In matrix form, we have
C(y)D'(u) = (A + 01 — Q)D(u) — / A(x)L(u — z,u)dzD(u) — Cr.
0
Then from (3.3) we have

C(v)D'(u) = (A 41— Q)D(u) — /Ou A(x)V(u—z,u)dz [V(u,u)] " D(u) — Cr.
(3.7)

11




From Li and Lu (2007) and (2008), we have
/ A(x)V(u — z,u)dr = (A + 61 — Q)V(u,u) — C. (3.8)

Then (3.4) follows from the equations (3.7) and (3.8).

Using the same techniques of Albrecher and Hipp (2007), we know D;(u) is
bounded for all u > 0 and ¢ € J. Taking limit u — oo in (3.6) yields (using de’l
Hopital’s rule),

(A +0)D Z ¢ir Dy, (00 /OO L;;j(co — x,00) fi(z)dxD;(c0) = ¢;vi,
0

or in the matrix notation

(A + 6T — Q)D(00) — /0 T AL — 2,00)daD(c0) = Cy. (3.9

Then the boundary condition (3.5) follows from equations (3.3), (3.8) and (3.9).
[l

4 Analytical expressions for ®(u;~v) and D(u)

For u > 0, we derive the analytical expressions for non-ruin probabilities ®(u;~y)
and the expected accumulated discounted tax until ruin D(u) by iteration.

From (2.5) we can write
Cv'(u) = (A — Q) v(u) — /0 " Ale)v(u— 2)da. (A1)

Together with (2.4) and (2.7), we have
TP (u; ) = V' (u)[v(w)] "' @(u; ), (4.2)

where T' = diag(1l — v1,--- ,1 — 74). Let ‘iJ(u;y) = @(%;7) and v(u) = V(%),
then (4.2) yields
T (u;7) = ¥/ (w)[¥(u)] ' @(u;7) (4.3)

and ®(0;7) = ®(o0;7) = 1. We replace u by z in (4.3) and then integrate both

sides of the equation from 0 to uw with respect to x. Thus, we obtain
B(uwy) =1+ [ TN @R@)] Bi)d (44
0

12



Let

~

®,(u;y) =1 +/ DY (@) (@) @ (2 y)de, n=1,2,---,
0

with
o (u;7y) =1,
and
Gu(w;7) = @y (i) = Bpa(usy), n=1,2,---,
with

éo(U; 7) =1
Assume that v/(z)[v(z)]™! is continuous in 0 < z < u < K < oo, where K is a
constant that can be chosen arbitrary large. By Theorem 3.11 of Linz (1985), we
know that the unique solution of <i>(u, 7v) is given by

=2 $ului).
n=0
Thus for v > 0, we have

B (u;v) = B(

g+

1Y) = Zén(%w)- (4.5)

From (3.2) and (3.4) we have

I'D'(u) = vi(u)[vs(u)| "' D(u) — 7. (4.6)
Let Z(u) = (2i5(u))axa is an matrix whose columns Z; = (215, -+, 24)%, j =
1,---,d, are particular solutions to the following system of integro-differential

equations:
LZj(u) = vi(u)[vs(w)] 7 Z;(u)

with boundary condition Z(co) = I. It easy to verify that

)dz. (4.7)

T —Uu

D(u) = Z(u)D(o0) + /00 Z(
Let Z(u) := Z(1) and vs(u) := vs(1), then Z(0) = I. Let
Zo(u) =1+ /Ou T (2)[Vs(2)] 2y (2)dw, n=1,2,--,

with



and

with
12’0(“) =L
Similarly, for v > 0, Z(u) can be written as
1 NP |
Zu) = 2(1) = b, (0). (4.9
n=0

Note that v(u) = vo(u) and form Li and Lu(2007) and Lu and Li (2008) we
know that

vs(z) = £ { [31 —C Y A+1-Q)+ c—lA(s)} 1} L 2>0, (49

where A(s) = diagM fi(y), Aafa(y), - -+, Anfn(y)) is the Laplace transform of A

and L£71{-} is the Laplace inversion.
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