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Abstract

We introduce a new point process, the dynamic contagion process, by generalising the Hawkes
process and Cox process with shot noise intensity. Our process includes both self-excited and
externally excited jumps, which could be used to model the dynamics of contagion impact from
endogenous and exogenous factors of the underlying system. We systematically analyse the theo-
retical distributional properties of this new process, based on the piecewise-deterministic Markov
process theory developed in Davis (1984), and the extension of the martingale methodology used in
Dassios and Embrechts (1989). The analytic expressions of the Laplace transform of the intensity
process and probability generating function of the point process are derived. A simulation algo-
rithm is provided for further industrial implementation and statistical analysis. Some extensions of
this process and comparison with other similar processes are also investigated. The major object of
this study is to produce a general mathematical framework for modelling the dependence structure
of arriving events with dynamic contagion, which has the potential to be applicable to a variety of
problems in economics, finance and insurance. We apply our research to the default probability of
credit risk and ruin probability of risk theory.
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H(y)

vy (2)
T(2)
G(y)
9(y)

3

original natural probability measure

probability under probability measure P

expectation under probability measure P

equivalent probability measure P~P

probability under probability measure P

probability under probability measure P

operator of infinitesimal generator

operator of Laplace transform

indicator function

constant rate of premium payment per time unit
constant reversion level

constant rate of a standard Poisson process

constant volatility

the i*" moment of a distribution

random externally excited jump size

random time of the externally excited jump

cumulative distribution function of random externally excited jump size Y(!)
density function of random externally excited jump size Y (V)
random self-excited jump size

random time of the self-excited jump

cumulative distribution function of random self-excited jump size Y (?)
density function of random self-excited jump size Y (2)
random claim size

cumulative distribution function of random claim size Z
density function of random claim size Z

random time

variable time

fixed time / maturity time

T — t/ time to maturity

sufficient small time interval

point process

point process

intensity process

surplus process

standard Brownian motion / Wiener process
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Introduction

The behavior of default contagion through business links is more obvious during a financial crisis,
especially after the collapse of Lehman Brothers in September 2008. The Greek sovereign debt
crisis starting from 2010 has the contagion impact spreading to EU members, such as Portugal,
Spain, Italy and even to United Kingdom. More recently, triggered by the United States debt
ceiling crisis in 2011, an even much bigger contagion risk seems to emerge.

From the mathematical perspective, a point process with its intensity dependent on the point
process itself could provide a more effective model to capture this contagion phenomenon of these
clustering ‘bad’ events. However, only a few examples exist in the literature. These include the
pioneering work of Jarrow and Yu (2001) and the more recent one of Errais, Giesecke and Goldberg
(2009). Jarrow and Yu (2001) pointed out that, a model with the default intensity only linearly de-
pending on a set of macroeconomic variables is not sufficient to explain the phenomena of clustering
defaults around an economic recession; therefore, they introduced the concept of credit contagion,
whereby upon default of a given name, the contagion jump shocks will impact immediately to the
counterpart’s default intensity. Furthermore, Errais, Giesecke and Goldberg (2009) found that, by
using the self-excited Hawkes process, originally introduced by Hawkes (1971) (see also Hawkes
and Oakes (1974), Oakes (1975) ), the clustering of defaults observed from real financial data
could be modelled more consistently. On the other hand, there are plenty of papers, including
Duffie and Gérleanu (2001), and Longstaff and Rajan (2008), suggesting that, the default intensity
could be impacted exogenously by multiple common factors, such as idiosyncratic, sector specific

or market-wide events.

In this thesis, we combine both ideas above and introduce a new point process, named a
“dynamic contagion process”, by generalising the Hawkes process (with exponential decay) and
the Cox process with shot noise intensity (with exponential decay), to include both the self-excited
and externally excited jumps. We use it to model the dynamics of contagion impact from both en-
dogenous (self-excited) and exogenous (externally excited) factors of the underlying system. This
approach also extends the idea of default contagion by Jarrow and Yu (2001), to have a richer set
of parameters, capable to capture some key aspects of the behavior of arriving events, such as the
frequency, magnitude of the impact, and the decay with time.

To define and characterise the dynamic contagion process mathematically, we give a cluster



Introduction

process representation, implement the piecewise deterministic Markov process theory developed
by Davis (1984) (and see also Davis (1993)), and then extend the martingale methodology used
by Dassios and Embrechts (1989) (see also Dassios and Jang (2003), Dassios and Jang (2005)), to
obtain the distributional properties for this new process. This process is analysed by deriving the
first and second moments and, more importantly, the Laplace transform of the intensity process
and the probability generating function of the point process. A possible way of change of measure
has been found via the infinitesimal generator. Furthermore, an explicit example of jumps with
exponential distributions and the simulation algorithm are provided for further industrial imple-
mentation and statistical analysis. An application to credit risk for a single company is given,

some possible approaches for the multiple-name case are also discussed.

Meanwhile, applications of the dynamic contagion process of course are not limited to the
areas of credit risk in finance. As substantially discussed in the literature of insurance world,
the classical Cramér-Lundberg risk model with the arrival of claims modelled by a Poisson pro-
cess is often not realistic in practice, and hence a variety of extensions have been studied. Many
researchers, such as Bjork and Grandell (1988), Embrechts, Grandell and Schmidli (1993) had al-
ready suggested using the Cox process to model the arrival of claims, see also the book by Grandel
(1991). Schmidli (1996) investigated the case for a Cox process with a piecewise constant intensity.
More recently, Albrecher and Asmussen (2006) discussed a Cox process with shot noise intensity.
On the other hand, a few researchers have proposed risk models using self-excited processes, due to
the observation of the clustering arrival of claims in reality, a similar pattern in the credit risk from
the financial market, particularly during the current economic crisis. Stabile and Torrisi (2010)
looked at the ruin problem in a model using the Hawkes process, a self-excited point process intro-
duced by Hawkes (1971). To capture the clustering phenomenon as well as some common external
factors involved for the arrival of claims within one single consistent framework, we extend further
to use the dynamic contagion process and try to generalise results obtained for the classical model
of infinite horizon. Some classical ruin problems, such as the net profit condition, (generalised)
Lundberg’s fundamental equation, ruin probability, Cramér-Lundberg approximation have been
studied via the martingale approach and change of measure. Special attention is given to the case

of exponential jumps and two numerical examples are also provided.

During our previous distributional analysis and applications in finance and insurance for the
dynamic contagion process, we realise that many theoretical as well as applied results obtained
inevitably involve some inverse functions of inconvenient unexplicit forms, whereas the Cox process
with CIR intensity has explicit counterparts. Hence, by comparing some special cases of these two
processes, we find some interesting analogies and inequalities between them. The tools of super-

martingales and sub-martingales are deployed during this comparison analysis.

Moreover, we generalise the original dynamic contagion process to allow the intensity process
perturbed by diffusion. Then the new point process becomes a hybrid of the Cox process with CIR
intensity and Hawkes process with exponential decay. Some key distributional properties such as
the Laplace transform of the intensity process and the probability generating function of the point

process have been derived.

Interestingly, based on our analysis on the dynamic contagion process via a simple transfor-

16



mation, we discover a more general class of point processes. We name this new point process as
a “discretised dynamic contagion process” and obtain some fundamental distributional properties,
such as moments and probability generating functions. Finally, some special cases of this process
are particularly discussed and then applied to model the delayed claims of ruin problem.

This thesis is organised as follows:

Chapter 2 acts as the core chapter of the whole thesis and introduces a new point process named
dynamic contagion process, which has been mathematically defined as a branching process via
the cluster process representation and stochastic intensity representation. Key distributional
properties, such as moments, Laplace transforms and probability generating functions of the
intensity process and the point process have been derived. Simulation algorithm has also

been provided for future statistical analysis and implementation in practice.

Chapter 3 mainly applies the dynamic contagion process to model the credit risk for a single
company and the default probability can be derived. The potential approaches for financial
applications to multiple names in a portfolio level are also discussed and proposed as future
research.

Chapter 4 provides applications of the dynamic contagion process to ruin problem for an insurance
company. The classical problems, such as net profit condition, (generalised) Lundberg’s
fundamental equation, ruin probability, have been investigated. In addition, the approach of

change of measure is discussed and some numerical examples are also represented.

Chapter 5 compares some special cases of the dynamic contagion process with the Cox process
with CIR intensity, and discovers some interesting analogies as well as inequalities between
them.

Chapter 6 generalises the original dynamic contagion process to allow the intensity process per-

turbed by diffusion. Some key distributional properties are discussed.

Chapter 7 extends the original dynamic contagion process to a new class of point processes named
discretised dynamic contagion process. A fundamental transformation between the two pro-
cesses has been be found, and some key distributional properties of this process and connec-

tions to the dynamic contagion process have also been obtained.

Chapter 8 applies a special case of discretised dynamic contagion process and some generalisation
to model the delayed claims for ruin problem, and derives exact formulas for the asymptotics

of ruin probability.

Chapter 9 concludes this thesis.

17
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A Dynamic Contagion Process

We introduce a new point process, named a “dynamic contagion process”, by generalising the
Hawkes process (with exponential decay) and the Cox process with shot noise intensity (with
exponential decay), to include both the self-excited and externally excited jumps. It could be
used to model the dynamic contagion impact from both endogenous (self-excited) and exogenous
(externally excited) factors of the underlying system. To define and characterise the dynamic con-
tagion process mathematically, we give a cluster process representation, implement the piecewise
deterministic Markov process theory developed by Davis (1984), and then extend the martingale
methodology used by Dassios and Jang (2003), to obtain the distributional properties for this new
process. This process is analysed by deriving the first and second moments, and then more impor-
tantly the Laplace transform of the intensity process and the probability generating function of the
point process, respectively. A possible way of change of measure has been found via the infinitesi-
mal generator. Furthermore, an explicit example of jumps with exponential distributions, and the

simulation algorithm is provided for further industrial implementation and statistical analysis.

This chapter is organised as follows. Section 2.1 gives the mathematical definition of the
process. Section 2.2 as the main section, analyses and derives some key distributional proper-
ties. The joint Laplace transform - probability generating function of the intensity process and
the point process is derived in Section 2.2.1. The Laplace transform of the intensity process and
the probability generating function of the point process are obtained in Section 2.2.2 and Section
2.2.3, respectively; the Hawkes process with exponential decay is included as an important special
case and a brief summary of its distributional properties is also given. In Section 2.2.4, we obtain
the first and second moments of the intensity process and the point process. We also provide
an explicit example of jumps with exponential distributions in Section 2.3, and the algorithm for

simulating the process in Section 2.4.1.

2.1 Definition

The dynamic contagion process includes both the self-excited jumps, which are distributed ac-
cording to the branching structure of a Hawkes process with exponential fertility rate, and the

externally excited jumps, which are distributed according to a particular shot noise Cox process.
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Daley and Vere-Jones (2003) (see also Hawkes and Oakes (1974)) give a cluster process repre-
sentation for a general Hawkes process, now we extend it to represent the mathematical definition
for our process in Definition 2.1.1 as a cluster point process, additionally characterised by the
stochastic intensity representation and infinitesimal generator.

Definition 2.1.1. The dynamic contagion process is a cluster point process D on Ry : The
number of points in the time interval (0,t] is defined by Ny = Np(o,). The cluster centers of D are
the particular points called immigrants, the other points are called offspring. They have the following
structure:

(a) The immigrants are distributed according to a Cox process A with points {Dp.},,_, 5 € (0,00)
and shot noise stochastic intensity process

at (Ao —a)e £ 3y West-TIT T < )

i>1

where

e a > 0 is the constant reversion level;

Ao > 0 is a constant as the initial value of the stochastic intensity process (defined later
by (2.1));

0 > 0 is the constant rate of exponential decay;

{Yi(l)}_ Lo is a sequence of independent identical distributed positive (externally ex-
i=1,2,...
cited) jumps with distribution function H(y),y > 0, at the corresponding random times

PN

o [ is the indicator function.

(b) Each immigrant D,, generates a cluster C,, = Cp, , which is the random set formed by the

m 7

points of generations 0,1, 2, ... with the following branching structure:

the immigrant Dy, is said to be of generation 0. Given generations 0,1, ..., 5 in Cy,, each point
T® € C,, of generation j generates a Cox process on (T?) 00) of offspring of generation
7+ 1 with the stochastic intensity Y@e=9(=T?) yhere Y@ is q positive (self-excited) jump
at time T3 with distribution function G(y),y > 0, independent of the points of generation
0,1,...,7.

(c) Given the immigrants, the centered clusters
Om - D’m = {T(Q) - DnL : T(2) € C7n}7 Dm € A,

are independent identical distributed, and independent of A.

(d) D consists of the union of all clusters, i.e.

D= |J Cb,..

m=1,2,...

Therefore, the dynamic contagion process can also be defined as a point process Ny = {TIEQ) }k>1
on R, , with the non-negative Fy—stochastic intensity process A following the piecewise determin-
istic dynamics with positive jumps, i.e.

Ae=a+ o —a)e® + Sy Nt ETIITO < ) 1 3Ty PedCTINT® <) (2
i>1 E>1

20



2.1 Definition

where

° {ft}tzo s a history of the process Ny, with respect to which {/\t}tzo is adapted,

yeos

yeun

of each other.

From the definition above and because of the exponential decay, we can see that \; is a Markov
process. In particular, it decreases with rate § (A; — a), and incurs additive upward (externally ex-
cited) jumps that have distribution function H with rate p, and additive upward (self-excited)
jumps that have distribution function G with rate A;. Moreover, when jumps of the latter type

occur, N; increases by 1. Hence, (INV¢, A¢) is also a Markov process.

With the aid of piecewise deterministic Markov process theory and using the results in Davis
(1984), the infinitesimal generator of the dynamic contagion process (A, Ny, t) acting on a function
f(A,n,t) within its domain Q(A) is given by

AfOvn,t) = 80— a) Zrrlorn) [ [T f om0 (S5 H ) + —2560)) - Tunt)].
Afnt) = B sk / " FO g OdH () ~ O, 0))
+A <AOO FfO+y,n+1,6)dG(y) — f(/\,n,t)> , (2.2)

where €2(A) is the domain for the generator A such that f(A,n,t) is differentiable with respect to
A, t for all A\, n and t, and

/OO FO+y,n, ) AH(y) — F\n, t)‘ < oo,
0

/Oo FOA+yn+1,0dG() — A n, t)‘ < oo
0

Remark 2.1.1. We could alternatively define the dynamic contagion process as a special case
(without the diffusion terms) of the general affine point processes by Duffie, Filipovié¢ and Schacher-

mayer (2003), with the infinitesimal generator specified by (2.2).

Remark 2.1.2. The dynamic contagion process is a point process N; such that
P{Niiar =N = 1N} = NAt+o(AY),
P{NHM — N, > 1|Nt} = o(At),

where At is a sufficient small time interval and ); is given by (2.1).

Remark 2.1.3. Note that, this point process is not a doubly stochastic Poisson process, or Cox
process, as the point process Ny conditional on \; is not a Poisson process, and it does not satisfy
its definition. In particular for all 0 <t < T,

E |:0(NT*Nt)

ft} LR [efufexATfAt)

ft} , (2.3)
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A Dynamic Contagion Process

where A; =: fot Asds is the aggregated process, and the expectation E is based on the probability
space (2, F,P) with the information set F = {F;};>0. This is because, the infinitesimal generator

acting on a function f(X, A, n) is given by

9 9 =
AfOAn) = /\a—i—d(/\—a)a—i+p<A f()\+y,A,n)dH(y)—f(A,A,n))

([ 10+ nAin+ 146 - 10, Am).
0
and the generators for the processes e~(1=?4 and ™t are then given by

Ae=0%)  = (1 - )00,
A@GY) = —(1-0)0"\,

(1-9)

where furthermore the generators for the processes e~ Ac), and 6N\, are given by

Afem0790) = e‘“‘“( — (L= 0)X +8(a—A) + ppry + Aulc), (2.4)
A = 9n( (1= 0N+ 6(a—A) + pur, + Aulce). (2.5)

If it was an equality in (2.3) for all ¢, then (2.4) and (2.5) would have been the same equation.
However, (2.4) and (2.5) can not be the same as there is an extra term 6 in (2.5). Therefore, the

intensity A: given here in (2.1) is different from the stochastic intensity of the Cox process.

Remark 2.1.4. Note that, the intensity process A; is always above the level a, i.e. \; € E = [a, 00)

for any time ¢.

Remark 2.1.5. The parameters in the intensity process A\; measure some key aspects of the events:
the long term mean-reverting effect, the frequency of the underlying events, the magnitude of the

impact from the events, and the time effect with exponential memory decay.

Remark 2.1.6. An economic interpretation from the perspective of the cluster process repre-
sentation for the dynamic contagion process is the following: For a certain company, there are
two classes of economic shocks: the primary shocks directly to this company and the common
market-wide shocks. The arrivals of these primary shocks to this company are modelled by the
generation 0 of the dynamic contagion process, i.e. the point process A (as described by (a))
with the intensity process modelled based on the external economic evolution including a stream

)

of market-wide shocks: a shock at time Ti(1 has the magnitude of impact Yi(l) with distribution

H and decays exponentially with rate §. In the aftermath of each primary shock to this company,

it could further trigger a series of subsidiary internal turbulences in this company following the

branching structure (as described by (b)): similarly a turbulence at time T,gz)

)

has the magnitude

of impact Yk(2 with distribution G and decays exponentially with rate §.

To give an intuitive picture of this right-continuous process from the perspective of the stochas-
tic intensity representation, we present Figure 2.1 for illustrating how the externally excited jumps
{Yi(l) }i_l ) (marked by single arrow |) and self-excited jumps {Yk@) }k—l ) (marked by double
arrow I)7m the intensity process \; interact with its dynamic contagion 507ir,1;c.‘process Ny.

Now, in this more general framework of the dynamic contagion process, the classic Cox

process with shot noise intensity (with exponential decay), used by Dassios and Jang (2003) for

22



2.2 Distributional Properties

Externally Excited and Self-excited Jumps in the Intensity Process )\[ of Dynamic Contagion Process Nt

4
Point Process Nt
3 _
2 A _
L A 1
A
0 A
Intensity Process )\1 ‘ l
Y $ Y
0

Time t

Fig. 2.1: Externally Excited and Self-excited Jumps in Intensity Process A¢ of Dynamic Contagion Pro-
cess V¢

pricing catastrophe reinsurance and derivatives, can be recovered, by setting reversion level a =

0 and eliminating the self-excited jumps {Yk(z)} ; the Hawkes process (with exponential

k=12,...
decay), used by Errais, Giesecke and Goldberg (2009) for modelling the portfolio credit risk, can

be recovered, by setting the intensity p = 0 of the externally excited jumps {Yi(l) } Lo
i=1,2,...

2.2 Distributional Properties

2.2.1 Joint Laplace Transform - Probability Generating Function of (Ar, NT)

We derive the joint Laplace transform - probability generating function of (Ar, Nt) for a fixed
time T in Theorem 2.2.1 below, which leads to the key results of this paper, Laplace transform of

Ar and probability generating function of N in Section 2.2.2 and Section 2.2.3, respectively.

Theorem 2.2.1. For the constants 0 < 0 <1, v > 0 and time 0 < t < T, the conditional joint
Laplace transform - probability generating function for the process Ay (defined in Definition 2.1.1)
and the point process Ny is given by

E |g(NT—Ne) ,—vAr ft} _ 6—(c(T)—c(t)) G—B(t)At’ (2.6)

where B(t) is determined by the non-linear ODE

~B'(t) + 0B(t) + 03(B(t)) — 1 =0, (2.7)

g(u) =: AOO e "dG(y),
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A Dynamic Contagion Process

with boundary condition B(T) = v; and c(t) is determined by

_ a5/ ds+p/ [1 - h(B(s))] ds, (2.8)
) = [ e y).

Proof. Consider a function f(A,n,t) with an exponential affine form
f(An,t) = ec(t)A”(t)e_B(t)A,

where A(t), B(t), c(t) are all deterministic functions of time ¢. Substitute into Af = 0 in (2.2), we
then have

i’((tt))n + ( — B'(t) + 0B(t) + A(®)3(B(1)) - 1>)\ + <c’(t) +ph(B(t) — p— a63(t)> —0. (29)

Since this equation holds for any n and A, it is equivalent to solving three separated equations

(Aw _

i A(t) 0 (1)

{ B/ (1) +6B(t) + A(G(B(1) ~1=0 (2) - (2.10)
L @)+ ph(B(t) —p—adB(t) =0 (.3)

We have A(t) = 6 immediately from (2.10.1); and substitute into (2.10.2) by adding the boundary
condition B(T) = v, we have the ODE as (2.7); then, by (2.10.3) with boundary condition ¢(0) = 0,
the integration as (2.8) follows. Since ec®@Nte=B(MA is a F—martingale by the property of the
infinitesimal generator, we have

E|esMgNT ¢~ BTAT ft} = ecgNte= B (2.11)

Then, by the boundary condition B(T') = v, (2.6) follows. O

2.2.2 Laplace Transform of Ap

Theorem 2.2.2. The conditional Laplace transform Ay given A\g at time t = 0, under the condition
0> p1g, is given by

—Ap _ v adu + p[1 — h(u) _
E [e A |)\0] = exp <— /g—j(T) 5 er[( = ]du> X exp (—QU&(T))\O), (2.12)

where

Hig = /00 ydG(y),

P7001. By setting t=0and # =1 in Theovem 221, we have

E [e*”*T|fo] = e T)e=B0)o, (2.14)
where B(0) is uniquely determined by the non-linear ODE
—B'(t)+0B(t) + §(B(t)) -1 =0,

with boundary condition B(T') = v. It can be solved, under the condition § > 1, by the following
steps:

LIt will be clear in the proof later that Gy,1(L) is a one by one function of L and hence its inverse function
g;%(T) exists.
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2.2 Distributional Properties

1. Set B(t) = L(T —t) and 7 =T — t, it is equivalent to the initial value problem

dL(7)
dr

=1-6L(7) = 9(L(7)) =: f(L), (2.15)
with initial condition L(0) = v; we define the right-hand side as the function f;(L).

2. Under the condition § > pu;,, we have

9f1(L)
oL

= [ wertnacw —o< [ G -s=m, <0, Lz0,
0 0

then, f1(L) < 0 for L > 0, since f1(0) = 0.
3. Rewrite (2.15) as

dL

L+ =1 1"

by integrating both sides from time 0 to 7 with initial condition L(0) = v > 0, we have

/ v du
————————————— T,
L 5U + g(u) -1
where L > 0, we define the function on left hand side as

v du
Gu,1(L) :-/L Sut g -1

then,
gv,l(L) =T,

obviously L — v when 7 — 0; by convergence test,

1 7 _
lim —%—— =0+ lim g(w)
u—0 u

1
U0 —2L1 :6*/L16>0,
du+g(u)—1

and we know that fov %du = 00, then,

/U du
_— =0
0 ou+g(u)—1 7

hence, L — 0 when 7 — oo; the integrand is positive in the domain u € (0,v] and also for
L <w, G,1(L) is a strictly decreasing function; therefore, G, 1(L) : (0,v] — [0,00) is a well

defined (monotone) function, and its inverse function G, 1) 1 [0, 00) — (0,v] exists.

4. The unique solution is found by

or,

5. B(0) is obtained,
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A Dynamic Contagion Process

Then, ¢(T) is determined by
T T
T) = ad/ Goi(r)dr + p/ [1 -7 (G,1(7))]dr, (2.16)
0 0
by the change of variable g;%(T) = u, we have 7 = G, 1(u), and
T Goa(M oy v 1— h(u
|-t = [ Tn—h)Giae= [ LM g,
0 G.1(0) u g, i) outg(u) =1

similarly,

T ) v u
G, i(m)dr =/ ———du.
A 1) g1 (1) du+g(u) — 1

Finally, substitute B(0) and ¢(T) into (2.14), and Theorem 2.2.2 follows. O
Theorem 2.2.3. If § > i, then the Laplace transform of the asymptotic distribution of Ar is
given by R
_ Y adu + p[1 — h(u)]
lim E e " |Ag| = d 2.17
Jim E o727 o] = “p( [ Gttt (247

and this is also the Laplace transform of the stationary distribution of the process {Ai};~-

Proof. Let T'— oo in Theorem 2.2.2, then g;}(T) — 0 and the Laplace transform of the asymp-
totic distribution follows immediately as given by (2.17).

To further prove the stationarity, by Proposition 9.2 of Ethier and Kurtz (1986) (and see also
Costa (1990)), we need to prove that, for any function f within its domain (.A), we have

/ AFOVII(N)AA = 0, (2.18)
E

where E = [a, 00) is the domain for A, Af()) is the infinitesimal generator of the dynamic contagion

process acting on f(\), i.e.

Af) = —6(\—a)

YO 4o ([ 0w - s0)
A (AOO FO+y)dG(y) — f(/\)) ,

and TI(\) is the density function of A with the Laplace transform given by (2.17).

We will now try to solve equation (2.18). For the first term of (2.18), we have

L [—m— )dg)} NN = -5 / A —a)f ()TN dA

- f( )/ [(u = a)TT(w)] dudx

5 £ [~ a)T(w)] dAdu

u=a JA=u

= 5/ u—a H(u)]/du
=5 [T <A—a>H<A>]’dA,
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2.2 Distributional Properties

since for a density function II, obviously,
lim (v — a)TI(u) = 0.

For the second term of (2.18), by change variable A+y = s (y < s) in the double integral, we have

L {pfe FO+ydH )| T = p/:an(x) /y:f@w)dg(ym
— pli f(s) /yiOH(Sy)dH(y)ds

[e%S) A
= o[ [ 10 s
A=a y=0
For the third term of (2.18), by change variable A +y = s (y < s) in the double integral, we have

ﬁ; [A (AOO FO+ y)dG(y)ﬂ M)A = /:a ATV /:0 O G
N /: f(s) /ys_o(s —y)(s — y)dG(y)ds

(o' A
- [ o / (A — )TI(A — 5)dG(y)dA.
A=a y=0

Therefore,

/EAf()\)H()\)d)\
= [0-0 S ([T roname - 1)) 3 ([ 10+ a6 - 100) | mojay
_ AOO O {5% (()\ - a)H(/\)) +p (AA TI(A — y)dH (y) — H(M)

A
+ (A (A= )T — y)dG(y) — AH(A)) }d/\.
Set
/ AF(II(A)AA = 0,
for any function f(\) € Q(A), then,

s (O=amo)+o ([ 10— gan) -n)+ ([ 0= o - nace) e ) <o

by the Laplace transform

M(v) =: L{II(\)} = /EH(A)e—v*dA,
we have

z{%(u—a)n(x))} _ vﬁ{(A—a)H(A)}zv(—dl:IlS))—aﬂ(v)>,

o[ AH(A—y)dH<y>} - ¢ fnu—ym(wdy}=H(v>ﬁ<v>,

L {AA(A —y)II(A - y)dG(y)} = L {AA(A —y)I(A = y)g(y)dy}
= L{AIN)}g(v)

- _dgigv)g(U%
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A Dynamic Contagion Process

then,

or,

(176’07@(0)) T +<fa5’u+p[

which is an ODE with the solution given by

fi(v) = T1(0) exp (_/0” adu + p|

1
ou+ g(u

Note that, given the initial condition

fi(0) = /E M)A = 1,

we have the unique solution

S Y adu + p[l — h(u)]
fi(v) = exp <A R o du) ,

which is exactly given by (2.17).

Since II is the unique solution to (2.18), we have the stationarity for the intensity process
{Athiso- N

Remark 2.2.1. The integral of (2.17) exists, since we have

aéu—&—p[l—fl(u)]_ . 1 . 1—h(u) 1 _ad+ piyp
I S e R VA e 7 Bl BT

u

0

Remark 2.2.2. We can also prove the Laplace transform of the distribution of the stationary

intensity process A; of (2.17) as follows.
Proof. Assume f()\,n,t) = e~"* and we have
A (e‘”’\) =e [—aév + plh(v) = 1] + (6v +g(v) — 1) )\] :
then,
E [e_”)“ |.7:0]

At E[A () |Fo] ds+ e

t —adv h(v) — e | Fy v+ g(v) — e | Fo s+ e o,
A{( 50+ plh(v) — 1)) E [ o] + (00 + g(v) — D E [A, J—'Hd—i—

Differentiate two sides with respect to ¢, as

o [t o
&A E[Ase

Fo| = —5 E[e™™

fo]v

we have

OF [~ | 7]

5 = (—adv + plh(v) = 1)) E [ | Fo] — (50 + g(v) = 1) B [

ov

fo] .
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2.2 Distributional Properties

Denote II(v,t) = E [e‘“t |]-"0], we have the first-order PDE

o = (—adv+ plh(v) = 1]) u(v, ) = (60 + g(v) — 1) ana(Z’ Y,

with the boundary conditions T1(0,¢) = 1 and II(v,0) = e~"**. Because of the stationarity, II(v,t)
should be independent of time ¢, then,

(—adv + plh(v) — 1]) T(v) — (6v + g(v) — 1) =0,

with the boundary condition II(0) = 1, and we have

S adu + p[1 — h(u)]
II(v) = exp (—A Su+ §(u) — du) )

which recovers (2.17). O

Remark 2.2.3. For instance, if A follows the distribution given by (2.17), then, based on Theorem
2.2.2 for any time T > 0, we have

Efe] = E[E[e7|x]]

oxo [ — ! G5U+P[1— ( )] U ~G,H(T)o

e [ am,,[l,,;( D) o [ [T adut plt — hw)] u)
B p< ij(T) ou+ g(u) — d>>< p< A ou+g(u) — 1 4
e [ [ 00t —R(w)]

N p( A ou+ g(u) —1 d>.

Alternative approaches for proving the stationarity for the special case of the Hawkes process

and other related processes can be found in Hawkes and Oakes (1974), Brémaud and Massoulié
(1996) and Massoulié (1998).

The self-excited Hawkes process was introduced theoretically by Hawkes (1971), and applied
to risk theory by Chavez-Demoulin, Davison and Mc Neil (2005), and then only very recently
applied to credit risk for modelling the default contagion by Errais, Giesecke and Goldberg (2009).
It can be considered as an important special case under this more general framework of dynamic
contagion process, all of the counterpart results can be obtained, by eliminating the impact from
the externally excited jumps, i.e. setting its intensity p = 0 in the corresponding results. Here
we give the Laplace transform of the stationary distribution of the intensity process A; for the
Hawkes process with exponential decay in Corollary 2.2.1. The probability generating function of
the Hawkes point process IV; will be given by Corollary 2.2.3 of Section 2.2.3.

Corollary 2.2.1. Ifé > p1,,, then the Laplace transform of the intensity A of the Hawkes process

with exponential decay conditional on Ay at time t = 0 s given by
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A Dynamic Contagion Process

and the Laplace transform of the asymptotic distribution of A\r is given by

: 7’[))\'1" — Y U

which is also the Laplace transform of the stationary distribution of the process {)‘t}tzo'

Proof. By setting the intensity of the externally excited jumps p = 0 in Theorem 2.2.2 and Theorem
2.2.3, the results follow immediately. O

The limit of the log-Laplace transform for Hawkes processes with a general fertility rate can
be found in Bordenave and Torrisi (2007) and Stabile and Torrisi (2010).

2.2.3 Probability Generating Function of Np

Theorem 2.2.4. The conditional probability generating function of Nt given Ay and Ny = 0 at

time t = 0, under the condition 6 > p1, is given by

G (1) 48 1—h
Bfov ] =ow (- [ S ) o (o),

1—o0u—0g(u)
where
Goo(L) = A ey (2.20)
0,815 = A 1—0du—0g(u)’ - ' )

Proof. By setting t =0, v = 0 and assuming Ny = 0 in Theorem 2.2.1, we have
E [QNT |f0] — (1) =B,
where B(0) is uniquely determined by the non-linear ODE
—B'(t) + 6B(t) + 03(B(t)) =1 =0,

with boundary condition B(T") = 0. It can be solved, under the condition 6 > 4, by the following
steps:

1. Set B(t) =L(T —t)and 7 =T — t,

dL(r)
dr

with initial condition L(0) = 0; we define the right-hand side as the function fo(L).

=1-0L(1)—0g(L(7)) =: fo(L), 0<6<1, (2.21)

2. There is only one positive singular point, denoted by v* > 0, obtained by solving the equation
f2(L) = 0. This is because, for the case 0 < 8 < 1, the equation f3(L) = 0 is equivalent to

1
g(u)=§(1—5u), 0<0<1,

note that g(-) is a convex function, then it is clear that there is only one positive solution to
this equation; for the case 6 = 0, there is only one singular point v* = % > 0; and for both

cases,
1-6 .
0< 5 <v* <L

then, we have fo(L) > 0 for 0 < L < v* and fo(L) < 0 for L > v*.

; (2.22)

SN
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2.2 Distributional Properties

3. Rewrite (2.21) as
drL

1—6L —04(L)

L du B
A 1 —6u—0g(u) -0

where 0 < L < v*, we define the function on left-hand side as

L U
Go,0(L) =:A T 50 —dara) 75ud7 5500 (2.23)

=dr,

and integrate,

then,
gO,B (L) =T,

as L — 0 when 7 — 0, and L — v* when 7 — o0; the integrand is positive in the domain
u € [0,v*) and L > 0, Gy g(L) is a strictly increasing function; therefore, Go (L) : [0,v*) —

[0,00) is a well defined function, and its inverse function g&é (1) : [0,00) — [0,v*) exists.

4. The unique solution is found by
L(7) = Gy g(7),
or,

B(t) = G (T — ).

5. B(0) is obtained,
B(0) = L(T) = Gy g(T).

Then, ¢(T) is determined by
T T A
o(T) = a5/ Goo(T)dT + p/ [1 —h (gg; (7‘))] dr, (2.24)
o 0 ’
where, by the change of variable,

"G W w
A 0.0(T)dr = A 1 —du— 0g(u) “

T 5 9000 1 — h(u)
1-h(G} dr = —du.
/3 [ (go’e(T))] 4 A 1—0u—0§(u) b
Finally, substitute B(0) and ¢(T) into (2.14), and the result follows. O
Remark 2.2.4. E[QNT |)\0] is a strictly decreasing function of time 7" and
. Nr _ . Nr _ <
%1310151[9 |)\0] 1, TIEI;OE[O |>\0] 0, 0<6<1.

Proof. The integrand is positive within its domain u € [0, v*), where v* is the only positive singular
point, such that 1—v* —0§(v*) = 0. G, 4(T) is a strictly increasing function of time 7. G; »(T) — 0
when 7' — 0; and G; »(T) — v* when T' — oo, and

v du B
/0 1—du—0g(u) -

o @0+ pl1 = (w)]
u—vr 1 —du—0g(u)

also,

/1 — (5u1— e = adv* 4 p[1 — h(v*)] > 0.
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A Dynamic Contagion Process

Therefore,

Go0(T) .y
lim 0,0 adu + p[l Ah(u)] du = oo,
TS0 Jo 1—du—0§(u)
and

lim E [9 T|/\0] = exp(—o0) x exp (—v*Ng) = 0.

T—o00

O

Corollary 2.2.2. If§ > p1, and the intensity process A s stationary, then the probability gen-
erating function of Nt given Ny = 0 is given by

G o(T) g(u) (adu 1— h(u
E[QNT]:QXP<_(1_€)A (g<>( + p[1 = h(u))) du)_

1— du — 04(w)) (Ou + §(u) — 1)

Proof. Since the process \; is stationary, the Laplace transform of \g is give by (2.17), by Theorem
2.2.4, we have

E[0NT] = E[E[6V] Xo]]
Go.0(T) adu —
(L
C e goe a5u+p1— 71})\0
- 9507 adu + p[1 — h(w)] 7 a6u+p[1—ﬁ( )]
= exp< 0 1= ou — 83(u) du>xexp<—A Sut glu) = du)
o ‘;m g(w) (adu + p[1 — h(u))) "
- (1—ou—0§(w) du+guw)—1) )"

O

Corollary 2.2.3. If 6 > u1,,, then the probability generating function of N of the Hawkes process
with exponential decay conditional on A\g and No = 0 is given by

-1
E[QNT |/\ ] =exp | —ad Fa.0T) v du | x e_g‘zé(T)/\O'
0] =P 0 1—0u—0g(u) '

and if the intensity process \; is stationary, then,

. 0 i)
E[0"] = exp <(19)a‘% (1 —du—64(w) (Gu+ §(u) — 1)d“>'

Proof. By setting the intensity of the externally excited jumps p = 0 in Theorem 2.2.4 and Corol-

lary 2.2.2, the results follow immediately. O

The probability P{Nr = 0|)\0} can be derived by simply letting # = 0 in the probability
generating function of Ny in Theorem 2.2.4.

Corollary 2.2.4. The conditional probability of no jump given Ay and Ny = 0, under the condition
0 > g, 1s given by

uT 0§ 1—h
P{Nr = 0[n} = exp < JR (“”du> x emur, (2.25)
O .
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2.2 Distributional Properties

where

ur =:

(1-e7).

SR

Proof. Since

P{Nr =0} =E [077|)o]

)

0=0

and

Go.o(L) = Gos(L) —/L ' qu=-tma—sm

0,0 =:Y0,0 9:0— L 1-ou T3 )
then, the inverse function
1
_ -1 _ =T
ur = Goo(T) = 5 (1-e°T),

by letting 6 = 0 in Theorem 2.2.4, (2.25) follows. O

Remark 2.2.5. Note that, since there is no jump in the point process N; from timet =0tot =T,
the conditional probability P {NT = O|)\0} is not dependent on the distribution of the self-excited
jumps, and the result is similar to the non-self-excited case by Dassios and Jang (2003).

Remark 2.2.6. P {NT = O|)\0} is a strictly decreasing function of time 7" and
%iglOP{NT =0[Xo} =1, TIEOP{NT =0[x0} =0.

Proof. Rewrite (2.25) as

ur a5+ m
P{NT = O|/\0} = exp (—/ 1p75“du « e—uTAo.
0 1_

u

SinceO<u<uT<%and
1— h(u)
U
the integrand is positive, and also ur is a strictly increasing function of time 7', therefore,
P{N7 =0} is a strictly decreasing function of T. When T' — 0, ur — 0, then P{Np =0} —

exp(—0) = 1; when T' — o0, ugr — %, since

1
>0, ——6>0,
u

and R
. aéu—!—p[l—h(u)}/ 1 { A(l)}
1 = 1—-h(= 0
A S 1—ou 77 517"
then, .
ur —
lim adu + plt = h(w)] du = oo,
T-0 Jo 1—du
and
%imOP{NT = 0} = exp(—00) x e~ 52 = 0.
O
Theoretically, the probability P {NT = n|)\0} for any natural number n € N can be derived
by
a'ﬂ N
— —_ T
P{Nr =n[ho} = 5B [677 |Ao] L

here, we derive the result of P {NT = 1|)\0} in Corollary 2.2.5, for instance.
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A Dynamic Contagion Process

Corollary 2.2.5. The conditional probability of exactly one jump given Ay and Ng = 0, under the
condition § > p1,,, is given by

P{Nr=1]\} = P{NT—O|)\0} {[a(l )+p[1—h(uT)]+)\oe_6T]
XAUT 1—(5“ A 17% (adu-+ pl1 — )]

(1—e7T).

where

ur =

SRS

Proof. To simplify the notation, we define

adu + p[1 — h(u)]

wlu.0) = 1—6u—0g(u) -
Then,
9 G o(T)
P{NT71|/\O}f%exp {A ¢(u, 0)du goe( )A } o
(j(;;(T) 0 U,G —~1 0 -1
= P{Nr=0[)} x (-1) M %du + (2 (Gos (1).9) + ) 55505 (T)} e
_ _ T Op(u, 0) o .,
= P {NT = 0|)\0} x (—1) [A 50 ezodu + (go (ur,0) + )\o) %QO,H(T) 9_0} )
where
D (u, 0) 9w (adu+plL—h)) | g(w) (adu+ p[l - h(w)))
90 |y (1= u—83(u))”  lo=o (1 - du)”
o(ur,0) = T (a (1 - e_‘ST) +p(l — ﬁ(uT))) ,

can be derived as below. Since L(T;0) = QOT; (T'), we have the non-linear ODE
6=0

and %g&;(T)
of L(r;0),
L(7;0) =1 —6L(1;0) — 0§(L(7;6)), 0<60<1,

with the initial condition L(0;6) = 0, differentiate both sides with respect to 6,

L0 (r30) = 510 (r30) - [a(L(r:0) + 030 (L(ri0))], 0 <0<1,

where
LV (r;0) = 9 L(T;0)
) 89 ) b
0
~(1) . _ . .
JO(Lr0) = alL(rn0))

by setting # = 0, we have the ODE for L(Y)(7;0),
EO(7;0)' = ~5L0(7:0) ~ §(L(7;0)),

with the initial condition L(1)(0;0) = 0, given L(7;0) = % (1 - 6_67), then, LM (7;0) can be
uniquely solved,

9 1) or [T (1=e N 4
%go.e (T) =LY (1;0) = —e g e’?ds < 0;
’ 0

6=0 0
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2.2 Distributional Properties

. . 11— ‘7(55
equivalently, by the change of variable u = ~=5—,

r L 1- 6768 ds wr g(u)
A g <(5 ) e’’ds 74 7(1 — 6u)2du'

Remark 2.2.7. P {NT = 1|)\0} is positive, since

“Tig(u) adu — h(u U
A R IOIE

v g(u) “r
A (I—(M)duA <a5u+p1— >du
< [a (1= e=T) 4 plt — h(ur)] + Aoe? A 14“

P {NT = 1|)\0} is not a strictly monotonous function of time T, since
lim P{Np=1[Ao} =0, lim P{Nz=1[A} =0.

Similarly to the point process V¢, the probability generating function of the size of a cluster

generated by a point of any generation can also be derived as follows.

Theorem 2.2.5. For the size of a cluster generated by a point of any generation, Ny, under the
condition § > 1, we have
E[o77|R] = e 9o, (2.26)
E[&Nﬂxo] = eV (2.27)
where Gog(-) and v* are given by (2.20) and (2.22), respectively, and Mo is the value of one of the

associated externally excited or self-excited jumps. In particular, for a cluster generated by a point

of generation 0, we have
E[GN“’] = h(v*);

for a cluster generated by a point of subsequent generations, we have

E[pN~] = ! _05“*. (2.28)

Proof. For the size of a cluster generated by a point of any generation, the infinitesimal generator
of the process (A, Ny, t) acting on a function f(X,7,t) within its domain Q(A) is given by
of of

S V+A /Oof(ﬁ+y,ﬁ+1,t)dG(y)ff(j\,ﬁ,t)),
0

Af(A 7 t) = N %

as it is just a special case of Theorem 2.2.1 and Theorem 2.2.4. By setting a = 0 and p = 0, we
can derive (2.26) immediately. By the proof of Theorem 2.2.4, we know that

: —1 %
Tlféo Goo(T) = 0",

then,

E [6%|Xo] = lim E[077[A] = lim e=%00(TA0 = ="k,
T—o0 T—o0
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A Dynamic Contagion Process

In particular, for a cluster generated by a point of generation 0, we have
S V1% .5 xy (D) -
E[o¥=] =E[E [6¥=|Xo]] = E[e %] =E[e™] = h(v*);
for a cluster generated by a point of subsequent generations, we have

1— dv*
0

E[pV=] =E[e "] = g(v") =

O

Remark 2.2.8. The size of a cluster generated by a point of any generation actually is a pure
Hawkes process with the reversion level a = 0, a special case of dynamic contagion process. As
time t — oo, the distribution of A; converges to the distribution of a degenerate random variable
at 0.

Remark 2.2.9. Based on the decaying distributional property of the intensity process \; in
Remark 2.2.8, we have an alternative approach to prove (2.27): By Theorem 2.2.1 with the general
boundary condition B(T) =v (0 < v < v*) and using the similar method as given in the proof of
Theorem 2.2.4, we have

E [HNTe*”xTP\O] _ 673(0)5\0’

where
L du
vo(L) =: _ <0<1, 5
Guoll) =t [ ety 0<0<LO<v <
and

lim B(0) = lim G, o(T) ="

T— o0

Then, as the intensity process decays, we have

E[0V~|Ao] = lim E[0N7em 7| %] = lim e P03 = 70",

T—oo T—oo

Remark 2.2.10. (2.28) can also be derived from the perspective of the cluster process definition

given by Definition 2.1.1, and we observe that each subcluster has the same distribution
£(0) = E[o"~]

as its ancestor (for a cluster generated by a point of subsequent generation 1,2, ...), and hence £(6)

satisfies the functional equation

s0)=g (F57)

which also leads to (2.28).

We also provide an explicit example for Theorem 2.2.5 in Theorem 2.53.3 by assuming the
jumps with the exponential distributions.
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2.2 Distributional Properties

2.2.4 Moments of \; and Ny

Any moment of A\; and V; can be obtained by differentiating the Laplace transform of \; and the
probability generating function of INV; with respect to v and 6, and then setting v and 6 equal to
zero, respectively. Alternatively, we can obtain the first and second moments of A\; and N; directly
by solving ODEs, and also this method is slightly easier to generalise to derive higher moments

beyond the condition § > p;,,, therefore we will proceed with this method here.

Theorem 2.2.6. The conditional expectation of the process Ay given Ao at time t = 0, is given by

P p+ad PP+ ad\ _(5_u
E o] = m*(“‘m)e Crie)t, 6 g, (2.29)
EXfXo] = Ao+ (pagp+ad)t, 6=, (2.30)

where

. =:A ydH (y).

Proof. By the martingale property of the infinitesimal generator as given in (2.2), we have a

F—martingale
t
FONist) = £ (0, N0.0) = [ A, V., 5)ds
0
for f € Q(A). Now, by particularly setting f(\, n,t) = A, we have
AN = —(0 — p1g)A + pay, p + ad,

then, A\ — A\g — fot Algds is a F—martingale, and we have

r t
E )\t—/ AXgds
L 0

)\0] = Ao-

Hence,

t t
E [At]do] = Ao +E M AN, ds Ao] :AO—(a—mG)A E [As|Ao] ds + (1,0 + ad) ,

by differentiating with respect to ¢, we obtain the non-linear inhomogeneous ODE,

du(t)
dt

=—(0 — p1g) u(t) + p1yp + ad,

where u(t) = E [At|)\0], with the initial condition 4(0) = Ag. This ODE has the solution given by
(2.29) and (2.30). m

Lemma 2.2.1. The second moment of the process Ay given \g at time t = 0, is given by
E [A7]Ao]

— AZe 20wy 2(p1p + ad) + piag (/\0 et a5> (6*(57/J1G)t B 6*2(5*“10)’5)
6 - ,ulc; 6 - /’“G
(2(p1sp + ad) + p2g ) (1, p + ad) [25 P ) 26—yt
+( + 1—e melt) § ,(2.31
26— i1 36—y { )8 # e, (231

E[AZ|Ao]

1
= N+ (2(M1Hp +ad) + uzc) (Aot +5 (1, p +ad) t2> + p2ypt, 6= g, (2.32)
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A Dynamic Contagion Process

where - -
poy =: A Y dH(y);  pag = A y*dG(y).
Proof. By setting f(\,n,t) = A? in (2.2), we have
AN = =2(6 — )N + (2(pa,p + a8) + p12g ) A + piz p.

Since A2 — \3 — fot AMN2ds is a F—martingale by the martingale property of the generator, we have

t
E [Af - / ANZds
0

Ao} 2
Hence,

E [A?|Ao] :Ag_z(a_mc%tmpgpo} ds + (2(M1Hp+a6)+M2G)AtIE[)\3|/\0} ds + pa, pt,

by differentiating with respect to ¢, we have the ODE,

dul(t 5
u(t) +2(6 — g )u(t) = <2(H1HP+ ad) + N2c) (/\0 — M) e~ (0—pig)t
de 5_M1G
2 ) 5
+( (15 p + ad) + piag) (pr1, p + ad) o,

Jflulc

where u(t) = E [)\f|)\0], with the initial condition w(0) = AZ. This ODE has the solution given by
(2.31) and (2.32). 0

Theorem 2.2.7. The conditional variance of the process A¢ given Ao at time t =0, is given by

1 fiag (111, p + ad) ~2(5-
Var | A¢|A = ( G H — -9 )\)e (6—p1g)t
[ { O] 2(6 — fi1,,) 5 — jing H2p P — 2ft26 Ao
y M (A f w) o~ (=1t
6 - ,ulG 6 - /’I’IG
1 p2g (PP + a5))
—_ _ 0 2.
+2(5_M1G) (/’LQHp+ 6—/J,1G ) 7é;u'1c;v ( 33)
1
Var |:>\t|>\0] = 5#2@ ([Lal + a6) tz + (.UQ(;)‘O + N?HP) L, d= Hig- (234)

Proof. By Var [/\t|/\0} =E [Aﬂ/\o] — (IE [)\t|/\0])2 based on Theorem 2.2.6 and Lemma 2.2.1, the
result follows. O

Corollary 2.2.6. Assume § > p1,, then the first and second moments and the variance of the

stationary distribution of the process Ay are given by

Py p+ ad
E[\] = HwPT9 2.35
[Ad] 5 — e (2.35)
2(pup + ad) + pog) (1, p + ad) 125 P
gh2] - (2l o) Mol 2.36
i 20— o )? 20— i) 230
1 t2g (p1 p + ad)
Var|\| = —— ( + G*) .
[ t] 2(5_,U1G) M2y P 5_H1G
Proof. By setting time ¢t — oo in (2.29), (2.30), (2.31), (2.32), and (2.33), (2.34), respectively, then
the results follow. O
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2.2 Distributional Properties

We will now derive the moments for the point process N; assuming that § > py,,.

Theorem 2.2.8. For the stationary distribution of the process A, given the condition § > i,
and Ng = 0, the expectation of the point process Ny is given by

B[N, — HnP a0, (2.37)

0 — pig

Proof. By setting f(\,n,t) = n in (2.2), we have An = \. Since Ny — Ny — fg Asds is a martingale
by the martingale property of the intensity process \; of the point process IN; given by the definition
(2.1), we have

E [N — No|Fo| =E {/t)\sds
0

F0:| )
and also we know E [\¢] from Corollary 2.2.6, then, by assuming Ny = 0, we have

_ Hgptad,

E[Nt]zE[Nt—NO]ZAEP\s]dS 5 —

O

Lemma 2.2.2. For the stationary distribution of the process A:, given the condition § > p1, and

Ny =0, we have

= +ad\?
ENN,] =k (1 — e (0-ma)t) ¢ (%> t, 2.38
[AeNi] ( ) 5 — e (2.38)
where
i 2 (M p+ad) + paup | pag (Hup +ad) (2.39)

2(571’['16)2 2<67M10)3

Proof. By setting f(A,n,t) = An in (2.2), we have
A(An) = —(0 — p1g)An + (p1,p +ad) n+ A+ P A

Since Ay Ny — Ao No— fot A (AsN;)ds is a F—martingale by the martingale property of the generator,
given Ny = 0, we have the ODE,

du(t)
dt

= — (0= ) u(t) + (p1,p + ad) E[Ny] + E [AF] + mE[Ad],

where u(t) = E [A\;N¢], with the initial condition u(0) = 0. Note that, E[N;], E [A\f] and E[)] are
already given by (2.37), (2.36) and (2.35), respectively, therefore, this ODE has the solution given
by (2.38). O

Theorem 2.2.9. For the stationary distribution of the process A, given the condition § > 1,
and Ng = 0, the second moment and the variance of the point process Ny are given by

2 (5— . pa,p+ad?
E[N?2] = e~ (6=mg)t _ g +2kt+(H7> t2,
[ t] 5—M1G( ) 0 — pg
2 _
Var [Ny] = r— (e—(5—u1c)t_1) + 2kt
G

where constant k is given by (2.39).
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A Dynamic Contagion Process

Proof. By setting f(A\,n,t) = n? in (2.2), we have A(n*) = (2n + 1)\. Since N7 — N§ —
fot (2N + 1) A\;ds is a F—martingale by the martingale property of the generator, given Ny = 0,
we have

E [N _2AtIE[)\st]ds+AtE[>\s} ds,

where E [A\:N;] and E [\;] are given by(2.38) and (2.35), respectively, then E [Nf] follows. Since
Var [N;] = E [N?] — E[N,]* given E[N¢] in (2.37), Var [Ny] follows. O

The moments for the special case Hawkes process and other similar processes can also be found
in Oakes (1975) and Azizpour and Giesecke (2008), and more generally in Brémaud, Massoulié
and Ridolfi (2002).

2.3 Example: Jumps with Exponential Distributions

To give an explicit example for the key distributional properties derived above, in this section we
assume both externally excited and self-excited jumps follow exponential distributions, i.e. the
density functions

h(y) = ae™; g(y) = Be™PY, where y, o, 3 > 0, (2.40)

the Laplace transforms have the explicit forms

() = 2 g<u>=5_’f_u.

(2.41)

Then the corresponding Laplace transform of A, conditional probability generating function of Np,
conditional probability P {NT = O|)\0} and P {NT = 1|)\0} are obtained respectively as below.
Note that, there are parameters (a, p, d; a, 3; Ag) for the general dynamic contagion process and
(a,0; B; Ao) for the Hawkes process.

2.3.1 Laplace Transform of Ap

Lemma 2.3.1. If both the self-excited and externally excited jumps follow exponential distributions,
i.e. the density functions are specified by (2.40), then the conditional Laplace transform of Ay given
Ao at time t = 0, under the condition 60 > 1, is given by

E [e—mT |)\0] e (Cl(v)fcl(gqji(T))) o= 9o (Mo

)

where
a— 5§8—1
= { WA ne i (ot et (ur B2),  asf-g
aut (ot u) — st + 5 (o ) I (ut 25 a=6-3
(2.42)
and

Gunr (L) = m 551 () ~n (W)} .

Proof. By Theorem 2.2.2 and pi, = %, the condition is § > %; and substitute (2.41), into Theorem
2.2.2, we have

gm(L):/LU o (5:%1>du 5(651— 0 {5ﬂlnufln (qu(w(;l)}
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2.3 Example: Jumps with Exponential Distributions

and ( )
v atfoz) (B+u)
Ci(v) —Cy (G, 1(T :/ du.
1(v) = €1 (G,1(T)) —- wt 2

Note that, when calculating the integral, we need consider the special case when o = 3 — %. Then,
the result follows. O

Theorem 2.3.1. If both the externally excited and self-excited jumps follow exponential distri-
butions, i.e. the density functions are specified by (2.40), then, under the condition 683 > 1, the

stationary distribution of the process {)‘t}tzo is given by

(44T 412 a5
)\tg a+T5+ B, a<ﬁanda7é5—%,
Loe+Ta+P,  a=p-3

where independent random variables

I ~ Gamma<1<a+ P )75ﬂ—1);
0l —

) 8)+1 )
i _pla—f) )
Iy Gamma(é(a_ﬁ)+1,a ;
. -1
Fg ~ Gamma(a;p,aﬁa )7
- a+
Iy ~ Gamma( 6p,oz),
- N 0 —«
B 2 S XM Ny~ Negbin (§ 202 x (Y Bxp(n),
P dm—r2 m
{ 66—1} . { 5ﬁ—1}
Y1 = Mmax | «, 5 ) Y2 = 1IN § &, s )

P ,;(2), N ~ Poisson (%) ,Xi(2) ~ Exp ().

IS
ing
»

B follows a compound negative binomial distribution with underlying exponential jumps; P follows

a compound Poisson distribution with underlying exponential jumps.

Proof. By Lemma 2.3.1, Theorem 2.2.3, and as g;}(T) — 0 when T' — oo, we use the explicit
function C(u) in (2.42) to derive the Laplace transform of the stationary distribution of the process
{Achiso by I(v) = e~ (@ ©)=C1(0) then,

a— 1 L
'{ —va o (5&57/3521 %{1 é (a+f5(f¥—ﬁ)+1) >
i € (aJr'u) vt 881 ) Oé_ﬁ
A~ i a+p 672 p _B—«
Hw)=q eve (22 )7 En RN L. (243
( ) { € va(v+£ 1— 17”12 71 3 Oé<ﬁanda7éﬁ—3 ( )
1 o ( ’Yl) Yy1tv
: A 1
—va .
\ € (OtJr’U) exp [m (a+v_1)]7 a—ﬁ_g

If « > 3, it is obvious that, (2.43) is the Laplace transform of two independent Gamma distributions
I'; and Iy shifted by a constant a. If @« < 8 and a # § — %, then always v; > 72, and the second
term is the Laplace transform of Gamma distribution with two parameters afﬁp and %{1; the third

term is the Laplace transform of a compound negative binomial distribution with two parameters

g,ﬁ :32 and %, and the underlying jumps follows an exponential distribution with parameter 1,
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A Dynamic Contagion Process

since we know that the Laplace transform of negative binomial distribution N7 with two parameters

(r,p) is
E —vN; :( p >
[ 1—(1-ple™
Then
5 N1 (1)
] = e B
_ K m )Nl]
Y+
_ efe (]
= —
1-(1 —p)eiln(ﬂﬂ )
= - ,
e
where
p=Le01); r=l28=9 cg+.
72 I —2
Also, it is also easy to identify the corresponding Laplace transforms for the case when a =
B3 =

We discuss some important special cases below.

Remark 2.3.1. If both jumps follows the same exponential distribution, i.e. & = 3, then I'; and

T'y combine as one single Gamma random variable I's, since

a+p

5
v+ 55_1>

Remark 2.3.2. For the non-self-excited case, i.e. when 3 = oo, we have the Laplace transform

:|>
—~
<
=
Il
(¢
|
<
S]
TN
i3
0«.0'“
—

of the stationary distribution of the process {A;},-, given by

then, \; follows a shifted Gamma distribution,
)\t 2 a+ f5,

where
I's ~ Gamma (g, a) ,

which recovers the result by Dassios and Jang (2003) by setting a = 0.

Remark 2.3.3. For the Hawkes process, i.e. the non-externally-excited case when a = oo, or
p = 0, we have the Laplace transform of the stationary distribution of the process {;},~, given
by

X 58—1 5
Hw):eva<§> (2.44)
-1 |
vt T
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2.3 Example: Jumps with Exponential Distributions

then, \; follows a shifted Gamma distribution,
)\t 2 a+ f67

where

Ts NGamma(a 5/8_1).

EA

The result for the particular case a« = 3 — % is actually the limit version of the result for
the case when o < § and a # [ — %. In the following sections, we only focus on the main case
when « # 3 — %, with the Laplace transform of the stationary distribution of the process {\;},~,

specified by (2.43).

2.3.2 Probability Generating Function of Np

Theorem 2.3.2. If both the externally excited and self-excited jumps follow exponential distribu-
tions, i.e. the density functions are specified as (2.40), then the conditional probability generating

function of Ny given Ao and Ny = 0 at time t = 0, under the condition 63 > 1, is given by

—

E[é’NT |>\0} = ef(cz(go_*;(T))*@(O)) e 90T o 4y

where
a(f—a)p
§ (a+vt) (a+v)

+ﬁ{ {a(vi +(1-6)3) +pvi§__::zz_] In (u—v")

- [a(v* +(1 —9)5) —|—pv*ﬂi:};} In (v* —u) },

«

Co(u) =: —au+ In(u + a)

Gog(L)=K(L)—K(0), 0<L<uv",

K (u) ::—5(1)*vi){(U*—i—ﬁ)ln(v*—u)—(U*-&-ﬁ)ln(u—v*)}7 0<u<v,

vt = %>0, (2.45)
—ﬂS’U*_ = _%<O7

A = (6+1)2—-4056>0, 0<6H<1,
Proof. Since 0 < u < v*, by substituting the explicit results of (2.41) into Theorem 2.2.4, we have

— t ﬁ+u
gO,Q(L)*A —ou? = (6f—-1u+(1-0)8

du = K(L) — K(0),

and

C2(U)=—a{u—K(u)_9ﬂ 1 lnv*—u}

o v —v*  u—v*

)

uU—v o+ v* U+ o o+ v* u+ o
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and also,
56 —-1 03 —1)2+4(1-6)08—(68—1 _1) — _
v~ yE._ 8 V(68— 1) +4(1 - 9)65 — (68 ) @8-1-@8-1) |
20 20 20
_ 03 +1)2 —46068+ (68 —1 _
L~ JE. 8 1 /6+1) BHOB-1 (84D +@8-1 _
20 20 20
where v* = —f only when 6 = 0. O
Remark 2.3.4. We need to assume a # —v* in Theorem 2.5.2, since
. V(08 + 1) — 4066 + (55 — 1)
- 2 ’
and, for each 6 € [0,1) we have the unique v* , where
i} 1
ot e (5-5.8].
Therefore, if a € <6 — %, ﬂ], there exists the unique 6 € [0,1), such that o + v* = 0.
a = —v* is a very particular case, and we will not consider it here and assume o # —v* in

the sequel.

Now we derive the probability P {NT = 0|)\0} in Corollary 2.8.1, and P {NT = 1|)\0} for
case a # 3 in Corollary 2.3.2, a discussion for the special case a = (3 is given in Remark 2.3.5.

Corollary 2.3.1. If both the externally excited and self-excited jumps follow exponential distribu-
tions, i.e. the density functions are specified by (2.40), then the conditional probability of no jump
given \g and No = 0, under the condition 63 > 1, is given by

ap
a— - 1—e ST 1§ THoa
P {Nr = opa) = ot s ) (12 T ) T

dax
Proof. By Theorem 2.3.2 and setting 6 = 0, then, A = (68 +1)%, v* = §, v* = —f,

Go(T) = (1=,
K(u) = —%ln(l—éu), O§u<%,
a(B—a)p

Co(u) = —au+ In(u+a) —

pu* " .
6(a+vi)(a+v*) >(’U +/6)IH(U —u)

d(v* —v*) (a—|— v* 4 o

- gt (3
= T s ghluta) - glatgmg )G ),

and the result follows. O

Corollary 2.3.2. If both the externally excited and self-excited jumps follow exponential distribu-
tions, i.e. the density functions are specified by (2.40) (o # 3), then the conditional probability of
exactly one jump given A\g and No = 0, under the condition 63 > 1, is given by

P{Np =1[n} = P{NT:O|)\O}><{(HTJra(;ﬂfp)QT—aﬂ(eéT—l)
+p1f—€55 (C_Lln(aJ;UT)—BIH(BJIFBUT>+ET—|—J(65T—1))},
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2.3 Example: Jumps with Exponential Distributions

where
- P —8T —8T
e = (ot g (-7 T) e
B [ 1 (ﬂ+UT> 5T }
— 1 5T 1
O = o liras (T ) T D))
1 —0T
ur = g<176 >,
o ) ( 1L, )
C T 15688 —a 1+4da\1+63 1+da)’
;o 1 1
T 1188 —-a
8 ( 1o, 1 )
© T 1¥sa\1+63 1+0a)’
; 5
d = .
1+ da

Proof. By Corollary 2.2.5, and

1 _1[1<1+5)+6}
(B+u)(1—o0u)?2 1+63L1+8\B+u 1-6u (1—6u)2]”’

we have Q1 by

g i )
L a5smt = 8 Graa s

1+655{1+155 [ln(ﬂ;uT>+5T} +66T_1}’

and
ur ~ ﬁ
A (lgiugz)Qdu =5 (e” — 1) - 6Qr,

also, when a # (3,

) 1 y
A (1—sup ™ = % (@t W@+ u)d—dup"

1—O|l—ﬁ(5ﬁ (ELln (CH(;UT) —bln (B—;uT) +5T+J(€6T — 1)) )

then, the result follows. O

Remark 2.3.5. In particular, if « = 3, then,

P{Ne =1} = P (Ve = 0P} x { (B + 008 ) 2r — a8 (7 1)

o (1 f&ﬂ)Q {ﬂ(ﬁufw) (" =1) + 5/32i 1 (ln (ﬁ JFﬂUT> * 5T>} }

where
_ P —&T —o6T
HT = (CL‘FW)(l*B >+)\0€ s
p 1 B+
Qr = 1+6ﬁ{1+5ﬁln( BUT>+6T+(e5T71)]
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Note that, when o = 3,

AUT ff”)’}i@d“ = ﬂQAUT<(5+u)11§u)>2du

- (1 fcw)z {ﬂ(ﬂfuﬂ +3 (e -1) + 552i1 (1“ (Mﬂw) * 5T>} '

Remark 2.3.6. For the Hawkes process, we have the conditional probability of no jump and

exactly one jump, by setting p = 0 in Corollary 2.3.1 and Corollary 2.3.2, respectively,

P {NT = 0|)\0} — e—aTea—Sxo (1—e=57)
P{Np =1A} = P{Nr = 0|x}

1—e T4+ 68) + Nge T /1 B+
xﬂ{a( e 1+5ﬁ) o€ (1+(wln( ﬁUT)Jr(sTJr(eéTl))a(eaTl)}-

We will state and prove the results for the size of clusters based on Theorem 2.2.5 for this

3

exponential distribution case as below.

Theorem 2.3.3. If both the externally excited and self-excited jumps follow exponential distribu-
tions, i.e. the density functions are specified as (2.40), then for the size of a cluster generated by

a point of any generation, Ny, under the condition 63 > 1, we have

(68— 12 +455(1-0) - (55 - 1)

Neolx .| — :
E[0">|Ao] = exp 5 Xo | (2.46)
and No conditional on \g actually follows a mized Poisson distribution,
. . 0o ,Ukefv
P{Ny =klA} = m@)dv, k=0,1,2,... (2.47)
0 k!
where m(v) is the density function of the mixing distribution,
sy s8-1y25, VAo _ 5%
m(v) =e 2 0e=(*5) 5 se Tz, (2.48)
2wz

which is an inverse Gaussian distribution with parameters (wi_l;\o, %;\0).

Proof. By substituting the explicit exponential distribution functions of (2.41) and the constant
v* of (2.45) into Theorem 2.2.5, we obtain (2.46) immediately.

To prove that N, follows a mixed Poisson distribution, we rewrite (2.46) by
]E[HNC” |5\0] = e%;\"e_\/ij‘“,

where

and identify that
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2.3 Example: Jumps with Exponential Distributions

where IG follows the (infinite mean) inverse Gaussian distribution with parameters (oo /\0> then

=

we have
32
. . o] A AZ
~ sB3—1 _ < 0)
E[9N°°|/\O] = e 2 70 v L _emaidu
0 2mu2
1
<o\ 3 .
; 48 58—1% (/\> A
/ L4 26(1_6)]u6 70 /20 ce” 7 du,
Uz
1
<o\ 3 .
—1 58—1\2 (/\ > A
/ e 25(1 0)u Yo 25 /\Oe 2( 25 )u 0 36_%(116
V2ruz
_ B
and let v = S5u,
8 1
32\ 2 B 52
IS 58— 2 (*)\ ) 57 A
o100 20 (3552 0 \2820)_ R
V2mvz

e~ =D (v)dv = (0 — 1),

E[0N=|%] = Aoo
J

where -
m(u) = / e "m(v)dv.
0

Hence, by the definition of the mixed Poisson distribution, we have (2.47) and (2.48); set u = 1—6,

V(08 = 1)2 + 460u — (58 — 1) _
Ao

we have

m(u) = exp| — 55
- 2
,65\2 5 Xo
— exp I 1”(25[312),“ 7
53— 1>‘0 25>‘
o £33).

which is exactly the Laplace transform of an inverse Gaussian distribution with parameters (ﬁL 0,
O

gl _ 20

Corollary 2.3.3. In particular, for a cluster generated by a point of generation 0, we have
; (2.49)

or a cluster generated by a point of subsequent generations, we have
[ g y g
E[6V~] = 208 (2.50)
14, /1— 498 ¢
(68+1)2
" (59 (2
. 8 2k)!
PIN, =kl = . k=0,1,... 2.51
{ } (68 + 1)2k kl(k + 1)! (2.51)

Proof. By substituting the explicit exponential distribution functions of (2.41) and the constant
In particular, by setting o = 3 in (2.46) we

v* of (2.45) into Theorem 2.2.5, we obtain (2.49)
1

have (2.50); by stationarity condition ¢ > 5 we have
44
b <1,

U< ot 2
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and additionally 0 < 6 < 1, we have

4603

0< Gar1e

6 <1
Then, by referring the formula provided by Gradshteyn and Ryzhik (2007), (2.50) can be expanded
explicitly as given by (2.51). O

Remark 2.3.7. We can also expand (2.46) explicitly for some other special cases. For instance,
if 20+ (1 — §8) = 0, we have

4
J 0
/OL2 +§ BO{ 4+ 1
and
~(e+)
C k=0,1,....

<1 03—1 (2k)! [(68+1)?
R R

Remark 2.3.8. For the general case, we can expand (2.49) with respect to § by Taylor expansion
function in Matlab. An example with the parameter setting (3; c, 3) = (2.0;2.0,1.5) for P{N,, =
k} is given by Table 2.1.

Tab. 2.1: Probability P{Ns = k} for k =0,1,2,...; (§; , 3) = (2.0;2.0,1.5)

k P{Noo =k} (%) k P{Noo =k} (%)
0 80.0000 13 0.0124
1 12.0000 14 0.0083
2 4.0500 15 0.0056
3 1.7888 16 0.0039
4 0.9043 17 0.0026
5 0.4956 18 0.0018
6 0.2866 19 0.0013
7 0.1722 20 0.0009
8 0.1064 21 0.0006
9 0.0672 22 0.0004
10 0.0432 23 0.0003
11 0.0282 24 0.0002
12 0.0186 25 0.0001

The corresponding moments of \; and N; based on exponential jump distributions are omit-

ted as they can be easily obtained using the results in Section 2.2.4.

2.4  Simulation

We also provide the simulation algorithm for the dynamic contagion process (N, ;)
e to make easier for further practical implementation and industrial applications;
e for statistical analysis, such as parameter calibration;

e to validate the theoretical results we have derived;
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2.4 Simulation

e for investigating more complex situations where there could be no analytic result, such as the
cases when the jump sizes follow various heavy-tailed distributions (e.g. log-normal, Pareto,
Weibull distributions).

2.4.1 Simulation Algorithm

Algorithm 2.4.1. The simulation algorithm for one sample path {(Nt, At)}t>0 of the dynamic
contagion process conditional on A\g and Ny = 0, with m jump times {T},T%, ..., 7%} in the process
)\tl

1. Set the initial conditions T{f = 0, )\To*i =X >a, No=0and i€ {0,1,2,....,m—1}.

2. Simulate the (i + 1)™ externally excited jump waiting time E, | by

1
L= — WU, U~ U0, 1].

3. Simulate the (i + 1)™ self-excited jump waiting time S}, ; by

. _ { SiY ASIY, dipa >0
i+1 —

S:ﬁ?, di+1 <0 ’
where Sl
dis1 =1+ 2L U, ~U[0, 1],
Apet+ — a
and

*(1 1 *(2 1
si) = —sIdig; Si%) = ——Inlz, Uz ~U[0,1].

4. Record the (i + 1) jump time T?, 1 in the process A\; by

T =T+ S ANEf.

5. Record the change at the jump time 77, in the process A\; by

2 2 * * *
( Areo, v, YA ~Gh) (St A B = Sh)

1 1 * * * ’
i )‘T;_;l + Yz(+iv }/;,(-‘,-i ~ H(y) (Sii ANEfyy = Efy)

Apet = (2.52)

it1
1

where

Ape— = ()‘T*+ — a) eié(Tiﬁrl*T;) + a.
i+1 %

6. Record the change at the jump time 77, in the point process N; by

{ Npe— +1 (S AEfy = 57)
Nop-- (Sia AEL L = Bl

i+1

NT** =

i+1

(2.53)

Proof. Given T}, the i jump time in \;.

e Case Ef ;: The (i+1)'™ jump in ), is caused by an externally-excited jump, then it follows
a Poisson distribution with constant intensity p, and E; ; is the (i+ 1)*" waiting time, where

E;—i—l ~ Exp(p), or,

D 1
Ef,=——-InU
+1 ,

Hence, the (i 4+ 1)*® jump time is 7} + Ef ..
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e Case S7,;: The (i+ 1)*™ jump in ); is caused by a self-excited jump, then S F1q is the (14 1)th
waiting time and can be derived as follows:

Between time T and T} + S}, ,, the intensity process {)\t}T*<t<T*+S* follows the ODE
i — i i+1
dX
2 5\ —
dt (e —a),

with the initial condition \; = )\T;. It has the unique solution

|z
At = ()\T:+ — a) e 0T 4 a, T/ <t<T]+ S;+17

and then, the cumulative distribution function of the waiting time S, ; in the point process
Ny is given by

Fs;\(s) = P{Siy<s}=1-P{5) >s}
= 1-P{Npyo— Np: =0}

T +s
= 1-—exp <—/ )\udu>
= 1l-—exp (—/ )\T_*++Udv>
o L
1—e 9
= 1—exp (— ()\T;Jr - a) — as) .
By the inverse transformation method, we have
1= Fs* (U)

However, we can avoid inverting the function F; S5, ( ) by separating S} ; into two simpler

and independent random variables .S, (1 and S;fl as

1*+1 _S*(l A S*(2)

Y ASIE
where
P{si)>s) = e (= (g —a) 1‘55)
P{si) >s} = e,
since

1— 6—63
P{Sz+1 > S} = exp (— ()\Tiwr — a,) 5) X e~98
= P{S::(rll) > s} X P{S;ﬁ) }
= P{s{)ASIY > s},

I
— For S\, since

o) = P (S8 < =1 e (= (10— ) 2.
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2.4 Simulation

we have
(1)

o (s =) 57 20

by inverting the function, then we have

. 1 SInU
Sifrll)g—éln<1+>\ e > (2.54)

T*t —a
i

Note that, S’:J(rll) is a defective random variable as

SEHSCFSIS)(S) = P{S:Sl) < oo} =1—exp <—)\T;_a> <1,
and the condition for simulating Si:(_ll) is
dit1 =:1+)\jilj(i1a>0.
— For S;(_Ql), since 51‘*4(-21) ~ Exp(a), we have
SiPE %m Us. (2.55)

Hence, for S}, , we have
. D { SEYASEY, dipa >0
i+1 * )
* SZJ(FQI), di+1 <0
where S;(rll) and S;(j) are given by (2.54) and (2.55), respectively.
Based on the two cases discussed above, T}, |, the (i + 1)*" jump time in ), is given by
Ti*+1 =T + S?k-i-l A E;F-Ha

7

and the changes in A\, and Ny at time 7}, ; then can be easily derived as given by (2.52) and (2.53),
respectively.
O

Remark 2.4.1. Note that, this simulation procedure given by Algorithm 2.4.1 applies to the gen-
eral distribution assumption for externally and self-excited jump-sizes H (y) and G(y), respectively.
2.4.2 Example: Jumps with Exponential Distributions

By the simulation algorithm Algorithm 2.4.1 and assuming both the externally excited and self-
excited jump sizes follow exponential distributions with density functions specified by (2.40), we

provide the some simulated examples below with parameter setting

(a,p,0;, 8; M) = (0.5;1.0,1.5;0.5,1.0; 1.5).

One Simulated Sample Path

For instance, one simulated sample path (Ng, A;) with 7' = 50 is provided in Figure 2.2. For
comparison, the theoretical expectations E[\], E[A:|Ao] and E[Ny] (derived by Corollary 2.2.6,
Theorem 2.2.6 and Theorem 2.2.8, respectively) are also plotted.
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A Dynamic Contagion Process

One Simulated Sample Path for the Dynamic Contagion Process (Nt,)\t) against Theoretical Expectations
Parameter Setting: (a;p,5;u,B;)\O):(O.S;1.0,1.5;0.5,1.0;1.5)
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Fig. 2.2: One Simulated Sample Path of the Dynamic Contagion Process (N¢, A¢)

Simulation Mean and Variance v.s. Theoretical Results for Intensity A

To compare the simulated results with their theoretical counterparts, for instance, we calculate
the simulation mean and the theoretical expectation E[A¢|\g] (given by Theorem 2.2.6) in Figure
2.3, and the simulation variance and the theoretical variance Var[A:|Ao] (given by Theorem 2.2.7)
in Figure 2.4, respectively. Every point (marked by a star *) is based on 10000 simulate sample

paths of dynamic contagion process (Ny, A¢).

2.5 Change of Measure

In this section, we provide one way to change measure for the dynamic contagion process (A, NVy)

via Esscher transform and scaling for the jump-size distributions.
By Theorem 2.2.1, Theorem 2.2.2 and Theorem 2.2.4, we have a F; —martingale
e“gNe =B (2.56)
where parameters ¢(t) and B(t) follow the equations

{ ~B'(t) + 6B(t) + 0§(B(t)) —1=0 (.1) (2.57)

¢ (t) + ph(B(t)) — p—adB(t) =0 (.2)

and can be uniquely determined for the two cases (I, IT) under the stationarity condition § > p1,,
for0<t<T:
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Intensity

Intensity

Variance

Variance

E[)\t|)\0] v.S. Mean of Simulated )\l by 10000 Sample Paths
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Fig. 2.3: Simulation Mean v.s. Theoretical Expectation of Intensity A¢
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Fig. 2.4: Simulation Variance v.s. Theoretical Variance of Intensity A¢
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I.0=1,B(T)=v>0:

v adu + p[1 — h(u)]
u) — 1 d

1
du + g(

B(t) € (0,0], «(t) € {o, A u> te0,T = o), (2.58)

I 0<0<1,B(T)=v=0:

" adu + p[1 — h(u)]
1—0u—0g(u)

B(t) € [0,0), () € {oA du>, te0,T = oo), (2.59)

where v* is the unique positive solution to 1 — du — 6g(u) = 0.

Theorem 2.5.1. Define an equivalent probability measure ﬁ), wia the Radon-Nikodym derivative

dp —. o) =e(0)gNi=No ,~(B®A—BO)0) < g < 1,

dP - -
then, we have the parameter transformation for the dynamic contagion process (N¢, A¢) from P — P
by

o a— 0§(B(t))a,

e ) — 0,

o p— h(BWO)p,

o h(u) — h(gacEm )

09(B(1)) ~’

E(%u)
* 9(u) = Zg5ma
Proof. We use the martingale given by (2.56) to define an equivalent martingale probability mea-
sure @, via the Radon-Nikodym derivative

dﬁ ec(t)eNte—B(t))\t

@:: t:: = e

o(t)—c(0) gNi—No ,—(B(£)Ae—B(0)Ao)
E [ec(t)gNtefB(t))\t] )

which is a Ff —martingale with mean value 1. Assume
FAn,t) = ecDereBOXF(X n t),
and set Af(A,n,t) =0 for all A\, n and ¢ in (2.2), we have

(¢() ~ B'WA)F % +6(a—N) <—B(t)f+ g{)

+p </0°° FO+y.n,t)e BOYAH(y) — f(\ n, t))

+A (9 / h FO+y,n+1,0)e Ova(y) — f(\n, t)) =0.
0

Given the parameter relationship by (2.57) (without explicitly solving the equations) and FEsscher

Transform
o~ efB(t)y o~ efB(t)y

H(y) =: mdf[(y); dG(y) =: de(y),
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2.5 Change of Measure

we have

%{ 4 5(a—N) g + W(BM)p (AOO T+ y,n, OAF (y) — FAun, t)>

+ 0BON ([T o0+ 1.00G() - Fun.)) <o,

Let A = 0§(B(t))A, we have

%{ + 6(9@(B(t))a - X) %

+ hBOW ([ F(+0aB@)wn.t) Al )~ Fhn.))

+ X Nf X+9[7 B Yy, n + da — f(A = 0.
Change variable by u = 0g§(B(t))y, we have

or 6(9g(B(t))a - X)

of o
ot 5

= ﬁ(B(t))p(A f(A+u,n,t)dﬁ(y)—f(A,n,t))

v X(Aoof(XM,nJrLt) dé(y)—f(x7n,t)) 0.

Since

dH(y) = h(y)dy; dG(y) = §(y)dy.

we finally have

3 Y R o h (e v .
ZM(&@(B@))@—A)% + WBO) <A Tt u,m,t) B0 )du—f(/\,n,t)>

Therefore, by comparing with (2.2), we have the parameter transform from the original measure

P — to the new measure P as given by Theorem 2.5.1.
O

Remark 2.5.1. Base on Theorem 2.5.1, for any event S € F;, we have
P{S} =E[LI{S}],
and inversely,
P{S|Ng=n =2} = E {;H{A}‘NO =n,\ = /\}

— 0 gn—BOAIR {e_c(t)Q_NteB(t)A‘]I{A}‘No =n,) = A\|.

Stationarity Condition
Theorem 2.5.2. If the stationarity condition holds under the original measure P, i.e.
0> pig,
then, it still holds under the new measure ]IND, i.e.

g> 1~
G
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Proof. Under the new measure @, by the parameter transformation given by Theorem 2.5.1 and

change variable y = mu we have

~ 1

>~ 9 eg<B<t>>“)
U————>2—"du
A 0g(B(t))

Hi~
G

o] 1 e_B(t)mu 1
| vwmma i) 9<eg<B<t>>“)d“
9/ ye B®YAG (y).

0

Since 0 < # <1 and B(T) = v > 0 as given by (2.58) and (2.59) and the stationarity condition

holds under the measure P, we have

0=106>pm, = / ydG(y) > 0/ ye POVAG(y) = .
0 0

Example: Jumps with Exponential Distributions

Assume the jump-sizes follows essential distributions, H ~ Exp(a) and G ~ Exp(f8) as given by
(2.40), by Theorem 2.5.1 we have the parameter transform from the measure P to the new measure
P as follows:

08
EERIORY

e j— 0,

e a4 —

°*p— a_;,_%(t)pv

H ~ Exp(a) — Exp (%émmm)’

G ~ Exp() — Exp ((5+§5(t))2).
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3

Applications to Finance: Credit
Risk

The dynamic contagion process introduced by Chapter 2 provides us a new and proper tool for
modelling the contagion and clustering of the arrivals of events. In this chapter, we mainly apply
the dynamic contagion process to model the default credit risk of a single name (company) in
Section 3.1. We also have a brief investigation and discussion on possible applications to portfolio

credit risk in Section 3.2.

3.1 Single-Name Default Probability

Our motivation of applying the dynamic contagion process to model the credit risk in this section
is a combination of Duffie and Singleton (1999) and Lando (1998). Duffie and Singleton (1999)
introduced the affine processes to model the default intensity. Lando (1998), the extension of Jar-
row, Lando and Turnbull (1997), used the state of credit ratings as an indicator of the likelihood
of default, and modelled the underlying credit rating migration driven by a probability transition
matrix with Cox processes in a finite-state Markov process framework. However, we go beyond
this and model the bad events that can possibly lead to credit default, and the number and the

intensity of these events are modelled by the dynamic contagion process.

Based on this idea, we proceed with the following modification of the intensity models. We
assume that the final default or bankruptcy is caused by a number of bad events relating to the
underlying company. The bad events are not only restricted to the credit rating downgrades an-
nounced by rating agencies, but also could be other bad news relevant to this company, such as bad
corporate financial reports. The frequency of these bad events is dependent both on the common
bad news in the market exogenously and the company’s bad events endogenously. Each company
has a certain level of capability or resistance to overcome some its bad events to avoid bankruptcy,
for example, if we use the credit rating system as the indicator to quantify this level, usually the
higher rated companies have higher capability level. We provide an application in credit risk for
this idea by using the dynamic contagion process, based on the explicit results obtained in Section

2.3 for the case of exponential jumps.

The point process N; is to model the number of bad events released from the underlying
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Survival Probability E[ (1—d)Nr | )\0]
Parameter Setting: (a,p,6;cx,[3;)\0):(0.7,0.5,2.0;2.0,1,5:0.7)
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Fig. 3.1: Survival Probability Ps(T); (a, p,d; o, 35 X0) = (0.7,0.5,2.0;2.0,1.5;0.7)

company. It is driven by a series of bad events {Yj(z)} ) from itself and the common bad

Jj=12,...

events {Yi(l)} - widely in the whole market via its intensity process A;. The impact of each

=1,2,...

event decays exponentially with constant rate §. We assume each jump, or bad event, can result
to default with a constant probability d, 0 < d < 1, which measures and quantifies the resistance
level. Therefore, the survival probability conditional on the (initial) current intensity Ao at time
T is given by

P(T) =E [(1 - d)""|A(] (3.1)

which can be calculated simply by letting # = 1 — d in the conditional probability generating

function derived in Theorem 2.5.2.

By setting the parameters (a, p, d; o, 3; Ao) = (0.7,0.5,2.0;2.0,1.5;0.7) in (3.1), the term struc-
ture of the survival probabilities ps(T") based on d = 2%, 10%, 20% and 100% are shown in Figure

3.1, with the corresponding numerical results in Table 3.1.

Tab. 3.1: Survival Probability Ps(T); (a, p,d; a, 35 Xo) = (0.7,0.5,2.0;2.0,1.5;0.7)

Time T 1 2 3 4 5 6
d=2% 98.15% 95.92% 93.65% 91.40% 89.21% 87.06%
d=10% 91.26% 81.78% 72.99% 65.07% 58.01% 51.70%
d=20% 83.66% 67.91% 54.78% 44.13% 35.54% 28.63%
d = 100% 46.73% 21.10% 9.48% 4.26% 1.92% 0.86%

Alternatively, by using the same parameter setting, we can regenerate the survival proba-
bilities Ps(T') in Table 3.2 based on 10000 simulated sample paths (truncated at time T'), which
are very close to the analytical results in Table 3.1. One of the underlying simulated sample
paths is provided in Figure 3.2. For comparison, the theoretical expectations E[)\;], E[A:|Ao] and
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3.1 Single-Name Default Probability

One Simulated Sample Path for the Dynamic Contagion Process (Nt,)\l) against Theoretical Expectations

Parameter Setting: (a;p,é;cx,B;)\O):(O.7;O.5,2.O;2.O,1.5;0.7)
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Fig. 3.2: One Simulated Sample Path of the Dynamic Contagion Process (N¢, A¢)

E[N;] (derived by Corollary 2.2.6, Theorem 2.2.6 and Theorem 2.2.8, respectively) are also plotted.

Tab. 3.2: Survival Probability Ps(7") by 10000 Simulated Sample Paths

Time T' 1 2 3 4 5 6
d=2% 98.13% 95.89% 93.60% 91.46% 89.18% 87.04%
d=10% 91.18% 81.71% 72.97% 65.24% 58.00% 51.67%
d=20% 83.65% 67.85% 54.83% 43.85% 35.26% 28.81%
d=100% 46.66% 21.68% 9.98% 4.39% 1.77% 0.84%

As in Lando (1998), we could consider different values of d correspond to different credit

ratings, by assuming these bad events are all related to the company’s credit ratings.

We also provide a comparison for the survival probabilities based on three main processes

discussed in this paper: dynamic contagion process, Hawkes process (by setting p = 0) and non-
self-excited process (by setting 5 = co), with the same parameter setting and fixed d = 10%. The

results are shown in Figure 3.3, with numerical output in Table 3.3.
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Survival Probability E[(l—d)Nr |)\0 ] with d=10%
Parameter Setting:(a,p,é;a,[3;)\0):(0.7,0.5,2.0;2.0,1.5;0.7)
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Fig. 3.3: Survival Probability Comparison for the Dynamic Contagion, Hawkes and Non-self-excited Pro-
cesses

Tab. 3.3: Survival Probability Comparison for the Dynamic Contagion, Hawkes and Non-self-excited

Process
Time T 1 2 3 4 5 6
Dynamic Contagion Process 91.26% 81.78% 72.99% 65.07% 58.01% 51.70%
Hawkes Process 91.99% 83.68% 75.92% 68.84% 62.40% 56.57%
Non-self-excited Process 92.59% 85.34% 78.62% 72.41% 66.70% 61.72%

We can see that, the dynamic contagion process, as the most general case of the three pro-
cesses, generates the lowest survival probability, and the differences between the other two processes
explain the impact from the endogenous and exogenous factors respectively. This process is capa-
ble to capture more aspects of the risk, which is particularly useful for modelling the risks during

the economic downturn involving more clusters of bad economic events.

3.2 Multiple-Name Default Probability

For applications to portfolio credit risk involving multiple underlying names, such as pricing CDO,
it is crucial to find the quantity P{Nr = k}, i.e. the probability of k¥ names of default in the
portfolio up to time ¢. Theoretically, we can obtain it explicitly by simply differentiating k& times
to the probability generating function of N; derived in Theorem 2.2.4, however, in practice, the
result could become extremely messy for a large number of k. Therefore, in this section, we propose
three alternative methods below as future research to estimate this probability.

Monte Carlo Simulation under the Original Measure The probabilities P{Np = k} can be es-
timated based on the crude Monte Carlo simulation (CMC) by using Algorithm 2.4.1, and an
example is provided as below.

With parameter setting (a, p, d; o, 8; Ag) = (0.7,0.5,2.0;2.0, 1.5;0.7), we estimate P{Np = k}
for time T'=1,T =5, T = 10 and T = 20, respectively, based on 1,000,000 sample paths for each
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3.2 Multiple-Name Default Probability

Probability P{NT=k} by Monte Carlo Simulation (1,000,000 Samples)
Parameter Setting: (a,p,6;cx,B;)\O):(O.7,0.5,2.0;2.0,1.5;0.7)

0.5 T T T 1
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Fig. 3.4: Probability P{Np = k} by Monte Carlo Simulation (1,000,000 Samples)

point as represented in Figure 3.4 and Table 3.4.

Remark 3.2.1. This CMC approach becomes difficult to estimate precisely the rare event proba-
bilities P{Np = k} when k is very large (> 50), and it should be better if we could make a suitable

change of measure and simulate with importance sampling.

Faa di Bruno’s Formula Rather than differentiating k times to the probability generating function
of N, directly, we could differentiate the Riccati ordinary differential equations of the probability
generating function of Ny, with aid of Faa di Bruno’s Formula. This approach is also adopted by
Errais, Giesecke and Goldberg (2010) for pricing CDO via a Hawkes-process model.

We slightly modify Theorem 2.2.4 to be the Riccati ordinary differential equations of the
probability generating function of Ny.

Theorem 3.2.1. The probability generating function of Ny conditional on Fy, under the condition
0> p14, is given by

E[p0T-N)| 7] = e‘<C‘T)‘C(”)e*B<t>At, 0<8<1,
where B(t) is uniquely determined by the non-linear ODE
B'(t) =4éB(t) +0g(B(t)) — 1,
with the boundary condition B(T) = 0; and ¢(T) is uniquely determined by
c(t) = adB(t) + p[1 — h(B(t))],

with the boundary condition ¢(0) = 0.
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Tab. 3.4: Probability P{Ny = k} by Monte Carlo Simulation (1,000,000 Samples)

k P{Np—1 =k} P{Np—5 =k} P{Np—19 =k} P{Np—99 =k}
0 46.68% 1.92% 0.03% 0.00%
1 29.75% 5.75% 0.21% 0.00%
2 13.69% 9.66% 0.67% 0.00%
3 5.72% 12.10% 1.47% 0.01%
4 2.37% 12.76% 2.62% 0.03%
5 1.02% 12.11% 3.98% 0.07%
6 0.44% 10.52% 5.30% 0.14%
7 0.19% 8.711% 6.51% 0.26%
8 0.08% 6.86% 7.45% 0.46%
9 0.04% 5.27% 7.98% 0.72%
10 0.02% 3.98% 8.03% 1.05%
11 0.01% 2.89% 7.81% 1.49%
12 0.00% 2.13% 7.34% 1.94%
13 0.00% 1.56% 6.66% 2.49%
14 0.00% 1.11% 5.91% 3.05%
15 0.00% 0.79% 5.14% 3.58%
16 0.00% 0.56% 4.41% 4.04%
17 0.00% 0.40% 3.69% 4.51%
18 0.00% 0.27% 3.04% 4.85%
19 0.00% 0.19% 2.48% 5.08%
20 0.00% 0.14% 2.01% 5.29%

Define B(t) = B(t;0), c(t) = ¢(t;0), and

ok _ ok

E(k,T;0) = B[00V N0 R = = exp ( — (e(T:0) — e(t:0)) — Bt G)At),

and we need calculate
1
P{NT — Nt = k|)\t} == Egt(k,T, 0),

where

{ B(t;0) = 6B(t;0) + 09(B(t;0) -1  (0<60<1,6 > u1,) (1) (3.2)

c(t;0) = adB(t;0) + p[l — h(B(t; 9))} (2)’
with boundary conditions B(T;6) = 0 and ¢(0;60) = 0. Note that, we have the expansion for the
probability generating function

E[0NTNO| 7] = exp ( — (e(T;0) = c(t;0)) — B(t:;0 /\t) Z 0" P{Nr — N; = k|\},
k=0
and {&(k,T30)};_o,  can be obtained as follows.

e £:(0,T;0): We have
80

6=0
c(t;0) = adB(t;0)+ p[l - h(B(t0))],

with boundary conditions B(7';0) = 0 and ¢(0;0) = 0. The solution is given by

B(t;0) = (— o=y

5
c(t; 0) / 1—e 8(T- S)) +p{1—ﬁ(% (1—6_5(T_5))):H ds,

62



3.2 Multiple-Name Default Probability

hence,

%]E [Q(NT—Nt) |»7:t]

0=0

= exp ( - (c(T; 0) — c(t; O)) — B(t; O)/\t)
= exp (—a(T —t)+ % (1 - e_é(T_t)) a— % (1 - e_‘s(T_t)) )\t> .

e &(1,T;0): We have

al

SBD(t:0) + [9(B(;0)) + 037 (B(t;0))]
W0y = asBO(t:0) - ph™M(B(1:0)),
with boundary condition BM(T;6) = 0 and ¢*)(0;6) = 0,
al

701 BW(#0) = 6BW(t0) + §(B(t;0)),

0=0
D (t;0) = asBW(t0) — phM(B(t; 0)),

with boundary conditions B (T’;0

BO#0) = A p
D (t;0) = At {G(SB(D(S;O)—pil(l)(B(S;O)):|dS,

0 and ¢M(0;0) = 0. The solution is given by

=

(B(s; O))eé(tfs)ds,

hence,

%E [Q(NT—Nt) |-7:t]

6=0
_ ( — (W(T50) - D (5:0)) — BO 1 O)At) exp ( — (e(T:0) - e(t:0)) — Bt O)At).
e &(k,T;0): for larger k, we can use Faa di Bruno’s Formula for differentiating multiple times
w.r.t. 6.

Proposition 3.2.1. Faa di Bruno’s Formula:

ok k! R FONT (f7ON? [ f®o\"
Wg(f(e)):Zbl!bz!---z)k!g(b+ (10) (#) (#) ( k!( )) :

where the sum is over all different solutions in non-negative integers by, --- , by of by + 2by + -+ - +
kb, = k. Alternatively, this formula above can be expressed by

ok r J
279 (F©)) =D Skaf @ (9(9)).
d=1

where the coefficients

G — > bl!b;.!”bk! (f’1(!9)>b1 <f”2(!9))bz."(f(2!(0)> '7

(b1, ,bk) EBa

k k
Bra = {(bl,--- Jbk) 2y bi=d, Y b = kb, ENO}.
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It is key to efficiently generate all vectors (by, b, -+ ,bx) in the set
k
By = U Bia,
d=1

and we adopt the algorithm of Klimko (1973) to generate all indices in Fad di Bruno’s Formula.
Solutions as vectors (b1, ba,--- ,bg) stored in the matrices M}, from case k = 1 to case k = 8
are provided for instance. We can observe from Figure 3.5, Table 3.5 and the matrices My, the
cardinality of By, i.e. the total number of vectors (b, b, -+ ,bx), increases exponentially with
respect to k, and also the recursive structure in the ODEs, so we do not adopt this method for
calculating P{Nr = k} as it has inconvenience for processing in practice particularly when k is

very large (k > 50).

| kxCardinality of By
0
1

2
2%X2
0 1 3
M_s=10 1 0
VR
010 2 4
00210
M?:
h=a 0100 0
1000 0],
{0102135]
0010210
Mys=|0 011000
0100000
100000 0
5X7
[0 1. 0 211000 0 6]
00100103210
00002110000
Myp—¢ =
001100000O0UO00
0100000UO0GO0TO00O0
(1000000000 0], .
01 020100021111 7]
001001002103 72T10
00001 00211100°00
My—z7=]1000011100000UO0TO00O0
001 100000000000
01 0000O0O0O0O0OOOO0OO0O0
100 00000O0ODOO0OO0GO0GO0 O
7x15
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3.2 Multiple-Name Default Probability

«10° The Cardinality of Bk
3.5 T
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Fig. 3.5: The Cardinality of By
0010201001021 1113%2%227272 8]
001 0010002101021 04321°0
0000100O0T1O0O0O0R22 11100000
Mo._|0000000211110000000000
871000011 10000000000O0O000O0
001 1000O0O0UO0O0O0OO0O0GO0GO0O0O0TO0TO00
01 00000O0O0OO0OOOOO0OO0O0OOTO0TO00
1 0000O0OO0OOOOO0OOOOOOO0O0O0O00O0
L 4 8x22
Tab. 3.5: The Cardinality of By
k 2 3 4 5 10 20 30 40 50 60 80 100 125

w

Cardinality 2 5 7 42 627 5,604 37,338 204,226 966,467 15,796,476 190,569,292 3,163,127,352

Asymptotic Approximation The major difficulty we meet in two aprroaches above is estimating
the probability P{N; = k} precisely for a larger k, although in variety of situations of applica-
tions in practice, we would not meet the case when k is very large above 50, or, the probability is
extremely small and could be neglected. For future research, we suggest to investigate the asymp-
totic property of P{Np = k} or P{N; < k} when k — oo for a fixed time T' by using Tauberian

Theorem, Monotone Density Theorem or Large Deviation Theory.
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4

Applications to Insurance: Ruin

by Dynamic Contagion Claims

To capture the clustering phenomenon as well as some common external factors involved for the
arrival of claims within one single consistent framework, we extend further to use the dynamic
contagion process and try to generalise results obtained for the classical model of infinite hori-
zon. In this chapter, we consider a risk process with the arrival of claims modelled by a dynamic
contagion process. We derive results for the infinite horizon model that are generalisations of the
Cramér-Lundberg approximation, Lundberg’s fundamental equation, some asymptotics as well as
bounds for the probability of ruin. Special attention is given to the case of exponential jumps and

a numerical example is provided.

We organise this chapter as follows. Section 4.1 formulates the problem. It also provides a
numerical example and some asymptotics that are based on simulations. In Section 4.2, we use the
martingale method and generalise Lundberg’s fundamental equation. We derive bounds for the
ruin probability in Section 4.3. In Section 4.4, we derive all results via a change of measure. This
makes simulations more efficient as ruin is certain under the new measure. Section 4.5 concentrates

on exponentially distributed claims. Our results are illustrated by a numerical example.

4.1 Ruin Problem

We consider a company with its surplus process X; in continuous time on a probability space

(Q7 f? IP)?
Ny

Xe=w+ct—Y» Z, t>0, (4.1)

i=1

where
e Xy =1x > 0is the initial reserve at time ¢t = 0;
e ¢ > 0 is the constant rate of premium payment per time unit;

e N, is a point process (Ng = 0) counting the number of cumulative arrived claims in the time
interval (0, ¢], driven by a dynamic contagion process with its stochastic intensity process \;
and the initial intensity A\g = A > 0;



Applications to Insurance: Ruin by Dynamic Contagion Claims

° {Zi}} Lo is a sequence of independent identical distributional positive random variables
i=1,2,...
(claim sizes) with distribution function Z(z),z > 0, and also independent of N;; the mean,

Laplace transform of density function and tail are denoted respectively by
H1, =: / 2dZ(z), 2(u)=: / e “dZ(z), Z(z)=: / dZ(s).
0 0 x

The surplus process X; is a right-continuous function of time t.

Definition 4.1.1 (Ruin Time). The ruin (stopping) time 7 is defined by

. inf {¢ > 0| X; <0}
T =
inf {@} = 00 if X¢ >0 for all t;

in particular, TF = oo means ruin does not occur.
We are interested in the ruin probability in finite time,
P {T* <t|Xo =2, = )\} :
in particular, the ultimate ruin probability in infinite time,
P{T* < oo|X0 =x,\ = )\} =: tli%P{T* < t|X0 =z,\ = )\};

and also the ultimate ruin probability in infinite time when the intensity process A; has stationary

distribution,
P{T* < oo|X0 =2, NH},
where II is the stationary distribution of A\; given by Theorem 2.2.3.

4.1.1 Net Profit Condition

Theorem 4.1.1. If § > p1, and the arrival of claims is driven by a dynamic contagion process,
then, the net profit condition is given by

e Migptad

L. 42
e (4.2)

Proof. Obviously, we have the expectation of surplus process X; defined by (4.1),
E [Xt] =x+ct— /J,lz]E [Nt] s

since the sequence {Z;},=1 2. and the process N, are independent,
N, Ny
yz| - ze[Sa
i=1 i=1

= Z]E[Zl+~~+ZN,,
n=0

E

v

N = n} P{N; =n}

= ZE[ZlerJan Nt:n} P{N, =n}
n=0

= iE[Zl+"'+Zn]P{Nt:n}

= Z np, P{Ny =n}

n=0

= p1,E[N.
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4.1 Ruin Problem

Ruin Probability P{T*<t |X0=x, )\0=)\} by Monte Carlo Simulation

0.3 ......,.....o0.000.0.0.oo..'o..co-ooo.'o.o.7

025 ....ooco'.c.........
. i e®o

0-2 - °® —
0.15 ® 1
01 ° 1

0.05r, | «  Simulated Ruin Probability P{t*<t [X=x, A=A} []

0 \ \ \ | I I
0 50 100 150 200 250 300 350 400

Time t

Fig. 4.1: Ruin Probability P {7’* < t|X0 =x,\0 = )\} by 50,000 Simulated Dynamic Contagion Pro-
cesses

If § > p1, and the net profit condition holds, by Corollary 2.2.6 and Theorem 2.2.8, we have

lim B piupt+ad

> 0.
t—oo 0 — g iz

4.1.2 Simulation Examples

Before giving mathematical proofs, we can have a first glance at this ruin problem via Monte Carlo
simulation. Assume the stationarity condition for A; and net profit condition for X; both hold, and
the two types of jump sizes and claim sizes all follow exponential distributions, i.e. H ~ Exp(a),
G ~ Exp(B) and Z ~ Exp(y). We implement the simulation algorithm for a dynamic contagion
process provided by Algorithm 2.4.1, with parameters set by

(a, Ao, p, 0; @, B,7; Xo, ¢) = (0.7,0.7,0.5,2.0; 2.0, 1.5, 1.0; 10, 1.5).

In Figure 4.1, we plot the ruin probability P {T* < t|X0 =z, = )\} against the time from
t = 0 tot = 400. We can observe that the probability increases and converges around 30%
when time t increases. Note that, each point is calculated based on 50, 000 replications of dynamic
contagion processes. For instance, one example of simulated surplus process X; with the underlying
point process of claim arrival N; and intensity process A; from time ¢t = 0 to t = 100 is represented
by Figure 4.2, and the pattern of clustering arrival of claims generated by a dynamic contagion
process is also shown in the histogram. For comparison, the theoretical expectations of \; and
N; (given by Corollary 2.2.6) are plotted together with their simulated paths. More numerical

examples are provided later by Section 4.5.3.

Remark 4.1.1. It is impossible to simulate infinitely long (t = oo) paths for estimating the
ultimate ruin probability P {T* <t= oo|X0 =z, = )\}. However, thanks to the convergence
of simulation observed in Figure 4.1, we can truncate the simulated paths at a large time (say,

t = 400) as an approximation to ¢ = oc.
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Ruin Problem by Monte Carlo Simulation
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Fig. 4.2: Example: Ruin Problem by One Simulated Dynamic Contagion Process
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4.2 Exponential Martingales and Generalised Lundberg’s Fundamental Equation

In this section, we find some useful exponential martingales which link to the generalised Lundberg’s
fundamental equation. More importantly, they are crucial for deriving some key results of the ruin

problem in the later sections.

Theorem 4.2.1. Assume § > i1, and the net profit condition (4.2), we have a martingale
e*’UT»XteUT-AtQ*Tt’ r 2 0’

where constants r, v, and n, satisfy a generalised Lundberg’s fundamental equation

Con + A(—v)d(=m) — 1 =0 otad
{ e+ (=) g(=mr) (oumz, 5>mc>. (4.3)

p (iz(fm) — 1) —r+adn, —cv, =0 0 — pig
If 0 <r <r*, then (4.8) has a unique positive solution (v > 0,nF > 0), where
rf=:ip (iz(—n*) - 1) + aon™, (4.4)
and n* is the unique positive solution to
L4 6m, = §(=nr). (4.5)

Proof. The (Model-1 type) infinitesimal generator of the process (X¢, A, ) acting on a function
f(z, A t) € Q(A) is given by

At = G =sn—aGieghea ([T [ ez p0aziac) - o)
o (AOO Fe Ay, O () = F D) (4.6)

For the classification of Model-1 type and Model-2 type generators for ruin problem, see Dassios
and Embrechts (1989).
Assume the form

Fla A t) = e rrren e,

and plug into the generator (4.6). To be a martingale, set Af(x, \,t) = 0, then,
—r —6(A—a)n, —cvp + A (/000 /OC; e'*e"dZ(2)dG(y) — 1) +p (AOO e"dH (y) — 1) =0,
y=0 /2=
and rewrite as
( —onr + 2(=v)g(—ny) — 1))\ + <p (ﬁ(—m) - 1) —r+adn, — cvr> =0,

holding for any A. Hence, we have (4.3). The proofs of the uniqueness and the associated conditions

for the solution to (4.3) are given by Lemma 4.2.1 and Lemma 4.2.2 as below. O

Lemma 4.2.1. Under é > p1, and the net profit condition (4.2), there are unique positive solution
0t and unique negative solution n; to n,. of the generalised Lundberg’s fundamental equation (4.3);

In particular, for r =0, there is a unique positive solution nar and the solution zero.
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Generalised Lundberg Fundamental Equation

A
gn)
.I.
1/5 n o n° oo > n,
v(n)
V+
’ Ny
3—//' > I']r
— ke

Fig. 4.3: Generalised Lundberg Fundamental Equation

Proof. Rewrite the generalised Lundberg’s fundamental equation (4.3) w.r.t. 7,

{ 5 S
i [ T—adne+p{1=h(-n.) ~
i Z( (c >>g(_777‘):1+§777‘ Mal_|_a5
{ (C>5_7M1z, 5>M1c)'
: r—a5m+p(1—fz(—m)) Hig
L —Ur = c
Consider the first equation above, i.e.
f(nr) = l(n'f)7 r >0,
where
fr—adn. +p 1—iL(—nT) R
fl) = 2 ( 5 ) 9(=ny),
l(n-) =t 1+dn,.

Obviously, f(n,) is a strictly increasing and strictly convex function of 7,., since

Oh(—u) 0G(—u) 0%(u)
Ou >0, ou >0, ou <0,
2h(—u) 9%§(—u) 9%2(u)
5z 0 oz 0 Ou? 0
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and
Oh(=nr) .
0f(n) _ —00 — p™5 " 9z (u) )
57% c ou T*a5m~+p(lfﬁ(7m~)) "
r—adn, +p(1— h(— r A —
+2< e o (1= h( n>)>ag< ) L,
c ony
on? c  On? Oou r—aSnwp(l—ﬁ(—w) "
—ad — pPre [—a — pPhme) g2y
+ C C 8”2 ‘ 7‘7&5777v+p(17}1(7777))
R0 24(-n,)
ou _T*a5nr+p(lfﬁ(7w)) a'flr
r—adn, + p(1 — h(—n, 25(—n..
(oo e(1 k) Pa—m)
c on?

Furthermore, we have f(n,) > 0, f(—o0) = 0, f(4+00) = 400, and also I(n,) is a strictly linearly
increasing function of 7,.
We discuss the solutions for the two cases r > 0 and r = 0 separately as below.

e For r > 0, we have

~ (T o
0< f(0)=2 (E) <1=1(0),
and the slope of the tangent at n, = 0,
al(n, -
() L 9f(m) S0
8777‘ 7nr=0 anr 1-=0

By the stationarity condition ¢ > p1,, and the net profit condition (4.2), we have

of ()
ony

—ad — Hig P aé(u)
c ou

r
+2z ( ) Hig
n-=0 u=%

—ad — Higy P aé(u)
c ou

ad + f1,p
= %le + Mg

ol(n,)
ony-

+Z (0) Hig

u=0

<6 =

777‘:0
It is clear that there is a unique positive solution 1" and a unique negative solution 7, by

plotting f(n,) and I(n,.), see Figure 4.3.

e For r =0, we have
0< f(0)=2(0) =1=1(0),
and the slope of the tangent at n, = 0,

Al(nr)
ony

S af (nr)

> 0.
ony

7nr=0 =0
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By the stationarity condition and the net profit condition, we have

al(ny)
5 f—
c M1z + Hig < 8777-

of(n) < ad + fi1,p
oy

7,=0 nr=0

It is clear that there are unique positive solution 7y and solution 0 by plotting f(n,) and
L(ny).

O

In order to find the positive solution to v,., we will only consider the unique positive solution
0" for r > 0 in the sequel.

Lemma 4.2.2. If0 <r <7,

r* =:p (h(=n") = 1) + adn’, (4.7)
where the constant n* is the unique positive solution to

L+6ne = g(=nr), 6> pg,

then, there ewists a unique positive solution v to v, of the generalised Lundberg’s fundamental
equation (4.3),
r—adn +p(1—h(-n}))

C

v = — (4.8)

Proof. By substituting n;" (from Lemma 4.2.1) into the second equation of the generalised Lund-
berg’s fundamental equation (4.3), we have the solution to v, i.e. (4.8). Define

- adn + p(1—h(=n,))

C

V(n) =:

Obviously, V(n,) is a strictly increasing and strictly convex function of 7,, as %ﬂ"” > 0 and
822,/7(;7’") > 0; also, V(—o00) = —o0, V(+00) = +00; v(0) = — < 0; hence, there is unique (positive)
root 2 > 0 such that V (n2) = 0, also see Figure 4.3.

In order to find the unique positive solution v;", such that v,/ = V(n) > 0, we have the

(]

condition 7,7 > n?, which also is equivalent to the condition

Lny) > f(m), n >0,

or,

1—dn? > g(=n7), n. >0,
note that, f(n2) = g(—n2). Under the stationarity condition & > pi,, the equation 1 + dn, =
§(—n,-) has the unique positive solution * (independent from r > 0) and the solution 0. Therefore,
we have the condition

0<n<n",

such that

L+6n7 > g(=ny), n7 > 0.

We discuss the two cases » > 0 and r = 0 separately as below.
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o If 7 =0, we have ng = n7| _, = 0, and it is clear that ng > ng > 0 holds, therefore, vy > 0
exists without any condition.

e If r > 0, then the condition n* > n? > 0 is also equivalent to the condition V(n*) > 0 since
V(-) is a strictly increasing function, i.e.
r—adn* + p(1 = h(—n"))

V(n*) = . > 0.

Hence, we can obtain the upper bound r* for r > 0 explicitly, i.e. 0 < r < r*, where r* is
given by (4.7), note that, r* > 0 as n* > 0, also see Figure 4.3.

O

Remark 4.2.1. Given the existence and uniqueness of solution (177, v7) to the generalised Lund-

berg’s fundamental equation (4.3), we have n* > n,", since
Lon =2 (v} ) g (=nt) > a(-n)),

we know that, if § > u;, the equation 1+ 87, = §(—n,) has solution 0 and n* > 0, then, n,;" should
be between them, i.e. * > 1t > 0, also see Figure 4.3. Therefore, we have the full ranking

0<my <ntf<n"

Remark 4.2.2. In particular, for » = 0, we have a martingale e~vo Xt e”p‘f, where (1}0+, nar) is the

unique positive solution to the equations

{ ong =2 (~vi’) g (=g ) — 1 (> f1,p + ad

N Pz, 0> )
cvg = adng + p (h(-ng) — 1) 0 — g 7 ¢

The martingales and generalised Lundberg’s fundamental equation derived in this section are
the building blocks of the martingale method and change of measure, two key approaches adopted

in the following sections.

4.3 Ruin Probability via Original Measure

Theorem 4.3.1. The ruin probability conditional on A\g and Xg is given by

+. ot
e~V Te'o A

[eiU;XT* en;r)\,r*

P{T* <oo|X0=m,/\0=)\} = 5 (4.9)

™ <oo;X0:x,A0=A]

Proof. By the optional stopping theorem, a bounded martingale stopped at a stopping time is still
a martingale. Now we consider the martingale found by Theorem 4.2.1 stopped at the ruin time,
i.e.

6*va<T*M)enf>\(T*mB*T(T*At)7 0<r<rt

By the martingale property, we have
E [e—v:rX(T*m)eﬂf)\umt)e—r(f*/\t)]

+ + *
= K |:e_v7‘ X(-r*/\t)enr A(T*/\t)e_r(‘r At)

XOZQL‘,/\OZ/\:|

oty ot
— ¢ vT:JvenT,/\7
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Applications to Insurance: Ruin by Dynamic Contagion Claims

and
+ + * + + to ot

E [e‘”r Ko gl A =177 | 0% < t} P{r* <t} +E {e‘”r Kegh Avp=rt x> t} P{r* >t} =e U

or,

+ + * + + +o ot
E [e*”r Kor @i Ars =177 | 2% < t} P{r* <t} +e "E |:€7U’“ Kegnr Al > t} P{r* >t} = e U Teh A,

(4.10)

where

E [e‘”jxte"j)‘t > t} P{r* >t} =E [e‘”jx‘e”j)“ﬂ (7" > t)] <E [e"p‘t] )

Note that, by Theorem 2.2.3, we have

O adu+ p[l — h(u)]
lim E [en 2] = a
i [6 ] exp </—m+~ du+g(u) —1 du | <o,

since by Remark 4.2.1, for 0 < r < r*, we have —n* < —n," < 0 where —n* is the negative singular
point of the integrand function above, i.e. the unique negative solution to du+ g(u) —1 = 0. Hence,
for the second term in (4.10),

t—o0

lim e”"'E {e‘”rxte"p‘t T > t} P{r* >t} =0.

Let t — oo in (4.10), then, {7* <t} — {7* < oo}, and

N e o W oty ot
E{e Op X gl A o= | <oo} P{r* <o} =e R PUEES

Let 7 — 0, we have

ot X T o+ o+
E[e Vo X gllg A | 7% <oo} P{r* < 00} = e V0 %eo A,

then (4.9) follows. O
Corollary 4.3.1. If Z ~ Exp (v), then,

+ +
v —vg ello Ae~v
T .
7 E [6"0/\7* T < 00; Xg =x, g = )\]

P{T* <oo|X0:x,>\0=)\} =

Proof. It Z ~ Exp (), due to the memoryless property of the exponential distribution, the over-
shoot —X,+ > 0 then follows the same exponential distribution, i.e. —X,~ ~ Exp (7). Hence, for
(4.9) we have

+ + + +
E |:67U0 X = e’lo A E |:67v0 X,,*:| E |:en0 A

j +E [e%ﬂ”
)

T*<OO]

7'*<OO]

7'*<OO].
O

Remark 4.3.1. Note that, the overshoot —X,« > 0, A« > 0, then, e~V Xt > 1, ene A > 1, we
have an inequality for the ruin probability,

.t
el re v T N ot
< elore Y ®,

P{T* < OO|X0 =z, = )\} < E [en;AT*

T* <oo;X0:x,/\0=)\]
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4.4 Ruin Probability via Change of Measure

el e~V is a rough up bound of ruin probability, as it could be greater than one when g is

relatively large. In order to obtain a more precise upper bound, it is better to find the distribution

property of E [e"o+ A |7 < oo] but it would be not easy and we leave it as future research.

If Z ~ Exp (v), then,

P {T* < oo|X0 =z, = )\} < %e"g)‘e*”gm.
7T~ Y

For instance, the comparison between the bounds and the ruin probability P {7’* < oo|X0 =10, = )\}
simulated by 50,000 sample paths with parameter setting

(a; p,6; @, B,v; Xo,¢) = (0.7;0.5,2.0; 2.0, 1.5,1.0; 10, 1.5),  (nd,vg) = (0.0842,0.0932),

is given by Table 4.1 and Figure 4.4.

Tab. 4.1: Example: The Comparison between the Bounds and the Simulated Ruin Probability

do =\ P {7’* < oo|Xo =10, 0 = /\} Up Bound eMlo X0 g=vg Xo Up Bound #engk(’eﬂ’;&)
1 28.83% 42.84% 38.84%
2 31.34% 46.60% 42.26%
3 34.39% 50.69% 45.97%
4 37.34% 55.15% 50.01%
5 40.01% 59.99% 54.40%
6 43.46% 65.26% 59.18%
7 46.67% 70.99% 64.38%
8 50.45% 77.23% 70.03%
9 53.34% 84.01% 76.18%
10 56.83% 91.39% 82.88%
11 60.56% 99.42% 90.16%
12 63.66% 108.16% 98.08%

4.4 Ruin Probability via Change of Measure

In this section, we investigate the ruin probability and asymptotics by change of measure via the
martingale derived by Theorem 4.2.1. We will find that under this new measure the ruin becomes
certain, and this makes the simulation more efficient than under the original measure where the
ruin is not certain and even rare. Similar ideas of improving simulation of rare events by a change

of measure can also be found in Asmussen (1985) and more recently Asmussen and Glynn (2007).

4.4.1 Ruin Probability by Change of Measure

Theorem 4.4.1. The ruin probability conditional on Xg and Ao can be expressed under new

measure P by

.
—mg )\Ti

Na)Y

P {T* < OO|X0 =x,\ = )\} = e—vO*memeZ\fE {‘1’ (XT*) 6(777+)
o




Applications to Insurance: Ruin by Dynamic Contagion Claims

Simulated Ruin Probability P{ T < o | X,=10, A=A} v.s.Up Bound el eV %o

with Parameters (a;p,{);or,B,wXO,c):(0.7;0.5,2.0;2.0,l.5,1.0;10,1.5)

1.1 I I I I T T T T T
Simulated Ruin Probability
~ 1H Lt - i
T Up Bound e o e ™% o ~
o ¥ + - _ -
’;. 0.9H = — ~ Up Bound (y-v)lye A eV % . - .
— . -

Ruin Probability P{ T < e | X

where \ =: (1+ o)A, md =: 57775-‘:-1’
0
Z(x)ev
[ e *dZ(2)

assuming the net profit condition holds under the original measure P, and the stationarity condi-
tion holds under both measures P and P. The parameter setting for the process (X, A¢) under P

transforms to the new parameter setting for the process (Xt, S\t) under P as follows:

e a /' a=: <1+57]3‘>a,

e c—cCc=:c,

1+dn,
where
~ €Y *dZ(z) ~ e “dG(u) ~ e"cT“dH(u)
AZ(z) = . dG(u) = . () = & , 4.
= gy 90 = T ) = S (1.13)
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4.4 Ruin Probability via Change of Measure

Proof. We consider the (Model-2 type) generator

Af(z,\) = —=6(A— )5%\0 +cg +A (/ioo io fx— 2z, A +y)dZ(2)dG(y) + Z(z) — f(ac,/\)>
+o / FleA+)AHE) - f@N), 2 >0 (4.14)

The solution of the integro-differential equation Af(z, ) = 0 is the ruin probability
flx,\) = P{T* < oo|X0 =z, = /\} .

Change Measure from P to P Substituting the function
flxz, ) = e‘”Jze"JAf(x, A)

into the generator (4.14), we have
- of
- S0 -a) (no*f+8§) <—vof+ f)
A (/OO / Flw =2, A+ y)e" 2e ¥ Z(2)dG y) + Z(w)e™s "™ — f‘)
+ p (A floA+y)envai(y) - f) =0 (4.15)

Remind that, by Theorem 4.2.1 for r = 0, we have a ff—martingale e~v% Xtend A where (v0+, 773)

is the unique positive solution to the equations

5778r=2( ) a (= ) o Higp+ad
A\ Hig, 0> g ) -
cvg = adng +p (h( 0) - 0 — g
Substitute cvg = adng + p (ﬁ(—ng) - 1) and dng ( var) ( o ) — 1 into (4.15), we have
of , of
- -t

+ A (A A flz =z, + y)evarzenarde(z)dG(y) —I—?(m)e”a%e*”g)‘ -2 (—U(J{) g (—nar) f)
o ([T Faaspenran ) - i-n)f) o

Change measure (Esscher transform) by (4.13), and rewrite as

of . of
- A -a)gy teg.

o'} T N - . 61)316777;;)\ ~
+ 2 (=) g (—ng) A ( | fw= s nazate) + Ziw) ) ) f)

+ e ([ R+ pai) - F) <o

~

Since 2 (—var) g (—nar) =1+ 6ng, we have

— 6()\—a)g—§+cg

61);16777;)\ ~
T (/ | Fa—2a+az()a60) + <Z(_Uo+)g(_%+)—f>

v

+ fz(—%*)p(A f(ery)dff(y)—f):O-
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Applications to Insurance: Ruin by Dynamic Contagion Claims

Note that,
+ 00 ot
— oo - oo ’UO z v, ZdZ
o) — / 42(2) :/ eA dZ+(z) L Ae 0 ! (z)’
x x z (71)0 ) z <7U0 )
we have
— v Te~ A Z(x)e”gm fzoo e”f;rde(z) e~ A e =
Z('r)A_+A_+ T o _ota - T ¥ :\Il(x)ﬁ l‘),
H-vd)g(=ng)  [Few=dZ(z)  z(-vf) G(-ng) 9(=ng)
where U(z) is defined by (4.12). Hence, we have
of  of
— dA— a)a + o
0o pT N B e—v]ar)\ — B
+ (14 A / / (@ — 2\ +1)dZ(2)AG(y) + ¥ (2) 2 (x) — ]
0o Jo 9(—=ng )
+ b ([ Fwas i) - 7) <o (4.16)
This integro-differential equation has the solution
. . R ]
f@, ) =E | U(Xor ) ——51(7" <o0) [N = A Xo =2 .
[ T 9(-m9) J

It is similar to the expectation of a Gerber-Shiu penalty function (see Gerber and Shiu (1998)).
Therefore, by comparing (4.16) with (4.14), we have the parameters for the process (X, A¢) under

P transformed to the parameters for the process (X, \¢) under P as follows:

Gly) — G(y),

o H(y) — H(y),

and the ruin probability is given by

—nF Apx
P{r* <ocolXog=1z,d=A} =e WM E {\I/(XT*)eA(%_i_)H(T* < o) ‘XO =, = )} .
g{—"o

Expression by A Alternatively, we can express the results above w.r.t. A where \ = (1+ (5776r A
Consider —L—+ X as a process, redefine the function f(\,z) = f( L 5\795)7 and rewrite (4.16) as

1+67]U+ 1+6178r
. of = of
_ _ + = ZJ
(5()\ (1 + dmq )a) 85\+08x
s
5 0 T B B 5 e_éng’+1 — B
+ A / / f(ac—z,)\—i—(l—i—(Snar)y) dZ(2)dG(y) + ¥(z)————Z(z) — f
o Jo 9(=nq)

+ h(=ng)p (/Oo F o A+ (1 +ond)y) dH (y) — f) —0.

0
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4.4 Ruin Probability via Change of Measure

Given dﬁ(y) = ﬁ(y)dy and dC;’(y) = §(y)dy, change variable by u = (1 + 017 )y, we have the
equation of f (5\,90),

n [, of
— s(A-+an) )?4-0%
(5) il
o] T ~ g ﬁ 6_5n<:r+1 — -
+ A / flr—2,2+u)dZ(z)—2du+ ¥(2)——Z(x) —
o Jo ( ) 1+ o1 9(=ng)
o B )
~ ~ ~ 5,,]+ ~
+ h(=nt / g A bu) M Ly f | = 0. 4.17
(=m0 )p | f( ) Tt ont f (4.17)
This integro-differential equation has the solution
7]+
__To 5.
5 5 B e sng 4177
f@,N)=E |¥(Xp) ———1(" <o) Mo =\Xo =z
9(=ng)

Therefore, by comparing (4.17) with (4.14), we have the parameters for the process (X, A¢) under

P transformed to the parameters for the process (Xt, S\t) under P as follows:

° a/d=(1—|—6775r)a,

® C—~C=¢C

= u
_ 9 ( 1+5'qg— )

1Jr577ar ’

z h T
o h(u) — h(u) = (H)

and the ruin probability is given by

P{T* < oo|X0 =z, = )\}

= e U TR LI/ (XT*)

= e %M AR \I/(Xfi)mﬂ“ <OO)‘X0:$7)‘0:)‘J’ o :5775r+1

By Theorem 4.4.3 (derived later in this section), if the net profit condition holds under P and the
stationarity condition holds under P and P, then the net profit condition cannot hold under P, i.e.
I(7* < 00) = 1, hence, we have the ruin probability (4.11).

O
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Applications to Insurance: Ruin by Dynamic Contagion Claims

Remark 4.4.1. If Z ~ Exp(v), then, the expression of the ruin probability (4.11) can be greatly
simplified, as ¥(z) is a constant, i.e.

v B e—’ywevgw _y- ,Uar
() = ——= _ = :
[ €Yo Fyem 77 dz g

4.4.2 Generalised Cramér-Lundberg Approximation for Exponentially Distributed Claims

Based on Theorem 4.4.1, if Z ~ Exp(v) and the initial intensity follows the stationary distribution
under ﬁ, e A~ II, then, the ruin probability is given by

P {T* < oo|Xo = x} - m]ﬁ[emﬁ]ﬁ {e—mﬁri

Xo = x} e e, (4.18)

mg >\ *

Assumption 4.4.1. Assume lim,_, . INE[e -1 Xo=x, 0 = )\] exists and independent of \.

Remark 4.4.2. Assumption 4.4.1 intuitively should hold as 7* is long time in the future when

x — 00, however, we leave it as an open problem to find the conditions under which it is true.

Moreover, since ]E[67 0 ] given by (4.18) is bounded, then, there exists a sequence of

~ +
T <29 < ... < Ty < .. with 2, — 00,n — o0 such that limnHmE[e o A

] exists.

Remark 4.4.3. Under Assumption 4.4.1 and by (4.18), there exists a constant C' such that
P {’T* < oo|X0 = x} ~Ce % ,x — 00, and we obtain C in Theorem 4.4.2.

Theorem 4.4.2. Under Assumption 4.4.1, if the claim sizes follows exponential distribution and
the initial intensity follows the stationary distribution under IF’ ie. Z ~ Exp(¥) and A~ II, then,

the generalised Cramér-Lundberg approximation is given by
P{T* < oo|X0 = x} ~ Ce_”ou, x — 00,

where
LE [e-mi%3] - @ [ S ‘xo _ o

(4.19)

Proof. Use the new set of parameters under P given by Theorem 4.4.1, and rewrite (4.17) as

~ of _of
- s(x-a )a~+ e

S
+ A(/ / (= 2 X+ u) dZ(:)AC(u) + ¥(a )(%)Z(x)—f>

+ ,a(ff(z,mu) d’ﬁ(u)_f) 0.

If Z ~ Exp(3), ¥ = v — vg under P (equivalent to Z ~ Exp(v) under P), then, by Remark 4.4.1,

we have

+

oo S —mdx ~ »
+ A f xfz )\+u) e 7Zdsz( )+ T~ % Ae e —f
o Jo Y g(=mg)

+ p([of(gm+u AF (u) — f):o.
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4.4 Ruin Probability via Change of Measure

/00 Flu, Ne ™ du

Take Laplace transform w.r.t. x, i.e
Flw,X) = £
we have
8.]?(1‘7}/) _ ; Y
c{ax } = wflw ) - J0,3),
/fx—zX—i—u)ﬁe_”dz} = Fy_zwé(w,x-l—u),
oy 1
e
£{e } A 4w’
then,
- (- )af( A E(w?(w,X)ff(O,)\))
0o 4 + —m+A)\' ~
Y—1v, e Mo 1 A~ o~
+ w)\—i—udG = — flw, A
( o L Tl X swaGon + T S >>
+ ( Flw, X+ w)dH (u) — ﬁw,X)):o,
or,
Af(wX)+e(wﬁwX)—f(o )\))—H\ T e R 4 wdG) + 20 et 1)
’ ¥4+ w ’ yoog(-nd)F+w '
IfXNH, then,
~ o A ~ + _—mIA
Af(w A)+z(wﬂw,X)—f(o,A))+A . Flw X+ u)dGy + 10 e ™ L Y| g
7+ w v g(=ng) A +w
and
lim E ;l?v(w X)—i—E(wf(w A)—f(0 )\)) A v w,;(w X—i—u)dg() el it 1 =0
= | Truly T SRR
Since under Assumption 4.4.1
C =: lim f(z,)\) = lim wf(w, V),
lim Oo?(w/\—&—u)dg(u)—/oo lim —2 f(wﬂu)dau)—/mlé’dau)—a
w—07 +w [, ’ T Jo w=0F 4w Jo A A
and by the property (2.18), we also have E [Af(O )\)} = 0, then
~ + —mIX
~ o/~ ~  ~ ~ Y—vy e Mo 1
E1e(C=fO0,N)) +A| -+ - =L
l( 0.%) ( 7 9(173)7)]
and i~
N I iE[e*ch’\X]—“IE[ o Ar /\O:XNH,XO:O}
c=1""% — , (4.20)
Y9(=ng ) %E[A] -7
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note that, by definition,

B [f0.0] - 22U E [

L XO:XNH,XO:O]
79(*770

Hence, we have the generalised Cramér-Lundberg constant (4.19) for A ~ II, as

C = lim Pir<=lXo=a} lim & [ei3 f(z, 3)] = B[emiA]C.

T — 00 e vox T— 00

O

Remark 4.4.4. For the Cramér-Lundberg constant (4.19), by Theorem 2.2.3 and Corollary 2.2.6,

we can explicitly calculate the terms

_ meptad
B - F—.
5
~ Ing 0 Y o1 — 7
E[emfp‘] = exp / aé}f + pil hw)] du |,
Mg ou+ g(u) —1
e ~ ~ ~. ~T + ~1_: + m:;~~ ~1_:
& [Ae_mp] _ _di]E[e—m] _ C“Sino + /;[ h(mg )] exp _/ a5ﬁt + pi h(w] 4
m m=mg omd +g(md) —1 0 ou+g(u)—1

Also, by Theorem 4.4.3 for the net profit condition under the measure ]IND, we have

P
:EP\] —¢>0.
5

4.4.3 Net Profit Condition under P and P

Theorem 4.4.3. If the net profit condition and the stationarity condition both hold under P, i.e.
e PPt ad

) o> )
5 — [l M1y Hig
and the stationarity condition also holds under the new measure P, i.e. 5> Higs then, under P,
we have ~
1. p+ad
——pi1, >, (4.21)
o — Hig

and the ruin becomes certain (almost surely), i.e.
P{r* < oo} = tlim P{r* <t} =1
— 00

Proof. By the transformation between two measures from Theorem 4.4.1, we have

[ edZ(z) L vt _M
M1y —.E[Z]—A ZdZ(Z)—A z 2(_7]3) - 2(_03)4 zetvidz(z) = 2(—1}3).

Change variable y = ﬁu, then,
n
o
7 u o 1+5n+u 1
p. = E [Y(l)] :/ uh (1+6n$) " — Jo ue'*m h (71+5n0+u) du _ {4_5773 /oo ye"(Tde(y)
g o l+ong (14 ong ) h(=ng) h(=ng) Jo
~ 1+6ond [+ . R . R
my = EY®] = g(nf)A ye™ YdG(y) = 2(—vg)§ (=g )- ( 2(—vg)i(—ng) = 1+5778r)
—lo
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4.4 Ruin Probability via Change of Measure

Net Profit Condition via the Lundberg Fundamental Equation

A

Fig. 4.5: Net Profit Condition via the Generalised Lundberg Fundamental Equation

The mean of self-excited jump sizes under P is greater than the one under P, since

N o0 + oo
Mg >9'(—770+)=A ye YdG(y) >A ydG(y) = pig-
Hence,

i, p+ ad
S — Mlé Mlz
_ vl yes VAH (y) +ad 1+ 1. /°° Ze”JZdZ(Z) ( o E(—vg
0= 2(=vg)g'(=nd) 2(=vd) Jo '
W (g )p + as
& — 2(=vg)y (=g )

Il
S

g
 (—i i)

From the generalised Lundberg’s fundamental equation, we have

—y )-

—adng +p (1= h(—ng)
1+6770+=73< [t ) g(—ng

Cc

o)é(—no*)=1+5no+)

(4.22)

If the net profit condition and stationarity condition both hold under IP, the right-hand-side function

is a strictly increasing and convex function of 7" as obviously a convex function of a function convex

function is still a convex function; it was also proved formally in the proof of Lemma 4.2.1. Hence,

as shown in Figure 4.5, at the point nar the slope of the left-hand-side function is greater than the
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slope of the right-hand-side function, i.e.

d a (. [—adn+p(1=h(-n)\
an (1 + 577) < an <Z ( (c ) g(=n) ,
=ng n=ng
or,
7 +
5+pdh(—10) £ 1ol N
5o< - W) B + (e )
C du adng *"(1 h(—ng ) d’l70
dh(=n7) R
_ ao - P dng’ dz(u) g( 77+) + A(_ +)d9(_778L)
¢ du P 0 0 dT](T
dh(=ng) . .
_ ad + P d770+ dZ(_vo ) A( +) + 2(_ +)dg(_77(;r)
c dv(')|r 0 0 dna' ’
and

. dg(—n+)) dh(—n)\ dz(—v) .
§—3(—p)=2_10 ) [ a8 0 0 —nh).
¢ ( =) dng wte dng dvg §(=n0)

Since the stationarity condition also holds under If”, ie.

. dg(=ny)
6> Z(_’U(;r) d77+0 ’
0
then,
dﬁ(_no) .
o TP deCg)
. dg(—ng T
§ - 2(—vj) L) 0

and by (4.22), we have (4.21).
O

Remark 4.4.5. If the net profit condition and the stationarity condition hold under P, but the
stationarity condition does not hold under If”, ie. 6 < Higs then, the intensity A¢ under P will
increase arbitrarily. It does not mean the measures are not equivalent, as we are only considering
them till a fixed time T anyway in the optional stopping theorem; also, ruin does occur with
probability one and pretty fast (which will manifest itself in the simulation).

In particular, for the special case of shot noise intensity, interestingly, we find a conjugate

relationship between the expected loss rates under the two measures.

Corollary 4.4.1. For the shot noise case with H ~ Exp(a) and Z ~ Exp(y), if the net profit
condition holds under the original measure P, i.e.

p
> =,
¢ dary
then, under the new measure IE”, we have
i< 2,
day
and B
PP 2
— = =c". 4.23
day 66 (4.23)
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4.5 Example: Jumps with Exponential Distributions

Proof. In particular, for the shot noise case with jump-size distributions H ~ Exp(a) and Z ~
Exp(y) (by setting a = 0 and §(-) = 1 in Theorem 4.4.3), we have the parameters transformed by

e c—C=c,

.6—)6:67

°p/ p=—"7p,

a—n,
e YN\ A=7-17,

.
-~ a-ng
° =
aN @ 1+4dng

where the constants are restricted by the generalised Lundberg’s fundamental equation

r5773r:77l+_1 p
i L (oa 1) (C>75a’y).
Chy =P o
The net profit condition holds under P, i.e. ¢ > ﬁ, but under P we have % > ¢, since
p a—ng P
oA o-ng (o
7 1-4—677(:,+ (7 Yo > 6
_ap 146 (..7 o= )
R PSS ST T s
0 (o —=1m5) 55 ong +1

B oz/)(l—l—énar)z
oy \a—ng

_ aﬂ(aﬁ)z

oy \ p

say ( 1+ 6ng p)
= —0C = —F

P a—mny 0y

dary p -

— < —Cc=¢C.

p day

Hence, we also find (4.23).

4.5 Example: Jumps with Exponential Distributions

To represent the previous results in explicit forms, in this section, we further assume the externally
excited and self-excited jumps in the intensity process A\; and the claim sizes all follow exponential
distributions, i.e. H ~ Exp(«), G ~ Exp(3) and Z ~ Exp(v), with the density functions

and the Laplace transforms
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4.5.1 Generalised Lundberg’s Fundamental Equation
We discuss the general case 0 < r < r* and the special case 7 = 0 for the generalised Lundberg’s

fundamental equation (from Theorem 4.2.1) respectively.

Case 0 < r <r* By Theorem 4.2.1, we have the generalised Lundberg’s fundamental equation
for 0 <r < r*,

1 __B_ 144
Y=vp B—Nr r < B(p + G,Oé(;) )
o T ) T /\ ; e A\ 6 1 b
{ —y, = T'—aénr-&-pc(l—ainr) Up <M < (a ﬁ) c> Oé’)/(éﬂ 7 1) ﬁ >
or, rewrite it w.r.t. n, as
Loy, = eyble = 1) . m<(@np),
(aén? — (ye+ p+ ada+ )0 + yea + ar) (B—n)
Ur = &( P +a5)7i7 v <,
c \a—1n, c
with parameters restricted by
B(p + aad)
>—————=" §3>1.
ay(63 — 1)

Solve (4.5) of Lemma 4.2.2 and substitute the unique negative solution n* = 656_1 into (4.4),
we obtain the constant r*,

"= (58 — 1) (mﬁpﬁ)ﬂ).

Caser =0 Set r — 0, we have the generalised Lundberg’s fundamental equation for r = 0,

( _~ 8
F2— =146 B( 5
Y=v0 B—1o p + aad) )
o <y < (aAB)je> ———L50>1),
i —ug = 2o (1< < @ ie> 052 0
or, rewrite w.r.t. ng as
cyBla —
1t : (e ) . m<(@np)
(a0md = (ve+ p + ada)mo + yea ) (B — o)
vy = @<L+a5), vo <7,
c \a—1ng
with parameters restricted by
B(p + aad)
> , 08> 1.
ay(68 — 1)

The results of case r = 0 here will be used later in Section 4.5.3 for numerical calculations.

4.5.2 Ruin Probability and Generalised Cramér-Lundberg Approximation via Measure P

The Corollary 4.5.1 below is an example of Theorem 4.4.1 and Theorem 4.4.2 by additionally

assuming the exponential distributions.

Corollary 4.5.1. If H ~ Exp(«), G ~ Exp(B), Z ~ Exp(y), a > [, the net profit condition
holds under P, and stationarity condition holds under P and ]FIB, and the initial intensity follows the

stationary distribution under ﬁ’, ie. \24 + T4 + L'y where

Iy ~ Gamma <,1v <6+ = ﬁN ) ,(W: 1) , I'y ~Gamma <~ﬁ(a:6),&> ,
0 da—p)+1 0 da—p0)+1
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then, we have the ruin probability

P {T* < OO|X0 = 1’} = ’};%Lﬂ_ﬁ%LIE[emS'X]E |:e*m3'f;7i

)g)::x}efvgw, (4.24)
and the generalised Cramér-Lundberg approximation
P {T* < oo|X0 = a:} ~ C’e*”;x, T — 00,

where N
~ NG ~ —mIA_«
ot 3t _ ~E [e‘mg*A] —EIE[@ oAt
_. Y=Y B B[] g
Y

ono}

W - (4.25)

The transformation from P to P is given by

a /' a=: <1+57}8‘>a,

e c—ocCc=:c,

e ) — =0,

e
nar P;

e p/p=:

a—

L4 'Y\?Z:'Y*U(—)F;

~ 5—7]+

e BN\ B = 1+51703f;
+
~  a—n,

o a\ a=: 1+6n%'

Proof. If H ~ Exp(«), G ~ Exp(8), Z ~ Exp(y), by Theorem 2.3.1 for the case when a > (3, we
have the Laplace transform

Y
~ - a 7’1&“2” 55:1 5 S(a—B)+1
IE |:€7m0+>\:| — efm0+a <~+> S(a—pB)+1 %
a+my mi + %

Use Theorem 4.4.1 and Theorem 4.4.2, the ruin probability and generalised Cramér-Lundberg
approximation can be derived immediately. O

We only discuss the case when a > 3 for instance. It is similar to derive the corresponding
results for other cases when o < 3 and we omit them here.

Remark 4.5.1. We can calculate explicitly for the terms in (4.24) and (4.25) of Corollary 4.5.1,

Y
~ LlaB) 681 5( S(a—B)+1
~ +5 +> « - S
mI\ _ m S(a—p)+1 5
E[eO] = eo’l<~_ T A )
a—my B=1 _ m(w;
—— o~ — L(E+~~:~ ) ~ ~
~ ~ Llazp) 681 5 s(a-m+1/ qd 4+ ~L -
o] S e Ly (R O St
= — - ___ _ : ,
a + mg + , é8—1 0 — =
o~ £ +aé
_ o
B
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“—
—mg A=

except the term E {e - = A~ I, Xy = x} . However, this term can be easily estimated by

simulation under P where ruin becomes certain.

4.5.3 Numerical Example

Now we provide a numerical example of Corollary 4.5.1 for the case of exponential distribution
when « > (, with parameters under the original measure P set by

(a,p,0;,8,v;¢) = (0.7,0.5, 3; 2, 1.5, 1; 1.5).

It is easy to check that the stationarity and net profit condition hold. Then, we can obtain
(nd,vg) = (0.1441,0.2276) (the unique solution of the generalised Lundberg’s fundamental equa-
tion given in Case r = 0 of Section 4.5.1), and m{ = 0.1006 (defined in Theorem 4.4.1). By

Corollary 4.5.1, the parameters under the new measure P are given by
(@,p,0;a,5,7;¢) = (1.0026,0.5388, 3; 1.2957, 0.9467, 0.7724; 1.5000).

It is also easy to check that under P the stationarity condition holds but the net profit condition

does not hold, hence ruin is certain i.e. F{T* < oo} = 1. By Remark 4.5.1, we can explicitly calcu-

- ~ _ Ny T ot o~ ~
late E[emp‘] = 1.2019, E {e"”g/\)\] = 1.3974, and estimate E [e Mo At M =A~1LXy=0| ~

0.8330 from simulation of 10,000 replications under P. Therefore, we have C =~ 0.5006 (defined by
(4.20)), and by (4.25) the estimated Cramér constant C' =~ 1.2019 x 0.5006 = 0.6017 with estimated
standard error 1.44 x 107, then,

P {T* < oo|X0 = x} ~ 0.6017e7922762 5 o0,

By (4.24), the estimated ruin probability P{r* < oo|X0 = x} and the estimated standard error

are also given by Table 4.2 based on simulation of 10,000 replications under P.

Tab. 4.2: Estimation of Ruin Probability P{r* < co|Xg = z} by Our Method

x P{r* < 00|Xo =z} Standard Error (x10~4)
4 0.2576 4.01
6 0.1609 2.58
8 0.1013 1.68
10 0.064 1.07
12 0.0405 0.71
14 0.0256 0.45
16 0.0162 0.28
18 0.0103 0.18
20 0.0065 0.11
22 0.0041 0.07
24 0.0026 0.05
26 0.0017 0.03
28 0.0011 0.02
30 0.0007 0.01

For comparison, the estimated ruin probability P{7* < oo|X0 =z} and the estimated stan-

dard error based on the simulation of 10,000 replications under the original measure P are given
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by Table 4.3, and the ratio of estimated standard errors under the two methods is given by Table
4.4. We can see that the estimated ruin probabilities based on simulations under the two methods
are very close. However, by using our method, the estimated standard error has been massively
reduced, particularly for a larger x, as the ratio of the estimated standard errors is increasing
rapidly as & becomes larger.

Moreover, the computer time needed for each replication is shorter because ruin is certain.
Under IF), the average time to ruin and hence the average replication length is approximately 3, all
replications had ended before time 100 and 97.5% before time 20, while under P we had to run
replications for longer than that as we had to extend the time horizon to 100 for the probability

of ruin only to stabilise.

Tab. 4.3: Estimation of Ruin Probability P{7* < co|Xy = z} by Direct Simulation under the Original

Measure [P
T P{r* < 00| Xo =z} Standard Error (x10~%)
4 0.2572 43.85
6 0.1612 36.79
8 0.1016 30.53
10 0.0642 24.51
12 0.0405 19.74
14 0.0258 15.73
16 0.0164 12.89
18 0.0103 10.38
20 0.0065 8.10
22 0.0041 6.54
24 0.0026 4.89
26 0.0017 3.87
28 0.0011 3.16
30 0.0007 2.45

Tab. 4.4: Ratio of the Estimated Standard Errors of Ruin Probability P{7* < oo|Xy = z} under the
Two Methods

T 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Ratio of Errors 10.94 14.25 18.12 22.80 27.88 35.20 45.62 58.02 72.36 89.81 106.90 133.83 169.64 206.95
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Comparison of Dynamic
Contagion Process and Cox

Processes with CIR Intensity

As represented in Chapter 2, many results of the dynamic contagion process (DCP) have no ex-
plicit formulas, mainly because of involving the non-explicit inverse functions G~! from (2.13) and
(2.20) in Theorem 2.2.2 and Theorem 2.2.4. In this chapter, we carry out a parallel analysis for
the Cox processes with the intensity following some special Cox-Ingersoll-Ross (CIR) processes
and discover that they behave very similarly to the DCP case and at the same time have explicit
formulas. These formulas thus can be used to find the explicit upper or lower boundaries for the
corresponding DCP results, via these links between DCP and CIR constructed by martingale ap-
proach and properties of sub-martingale and super-martingale.

We provide a comparison for the two processes: DCP and CIR, both for two sub-cases: the
decaying and stationary intensity processes. In particular, the decaying processes have potential
to be applicable to the investigation of boundaries of DCP ruin probability. Interestingly, we
find that, for some special cases, the two types of processes are sharing the same distributional
properties, such as the probability generating functions of point processes, Laplace transform of

the intensity processes, and the first moments of intensity processes and point processes.

5.1 Introduction

We consider a Cox process with the point process N; and the intensity process \; following a

Cox-Ingersoll-Ross (CIR) process, i.e.
d>\t = I{(/JJ - )\t)dt + o4/ )\ttha

where W; is a Brownian motion, and constants x, u, o are the speed of adjustment, mean, volatility,
respectively, with stationarity condition 2xp > o2, The generator of process (A\¢, Ny, t) acting on a
function f(A, n,t) within its domain is given by

af af 1 0% f

CIR: Af(A\n,t) = prie K(A —u)a + 502/\W +)\(f()\,n+ 1,t) —f(A,n,t)).
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For comparison, the generator for a general dynamic contagion process (DCP) is given by (2.2),

ie.

DCP: Af(A\,n,t) = %+5(a—)\)%+p<Aoof()\+y,n,t)dH(y)—f()\,n,t))

A (AOO FO+yn+1,0dG(y) — FOun, t)) .

In the following two sections, we will compare the distributional properties for two special cases of

CIR and DCP under the stationarity condition with parameter setting as below.
1. Decaying Intensity Case (in Section 5.2):

e DCP: a =0, p=0and G ~ Exp(f),

e CIR:
w o= 0,
kK = d—= (>0), (5.1)
)
o2 = 2—, 5.2
3 (5.2)

with stationarity condition 65 > 1.
2. Stationary Intensity Case (in Section 5.3):

e DCP:a=0, p=0 and HEGNEXP(/B),

o CIR:
po= 55p—1 (>0),
- 5—% (>0),

B

o’ = 23,

with stationarity condition 65 > 1.

We will find the two special cases of DCP and CIR above behave similarly at some circumstances,

and this provides us an alternative aspect to investigate the distributional properties of DCP.

5.2 Decaying Intensity Case

5.2.1 Asymptotic Distribution of Ny

Theorem 5.2.1. For the decaying intensity case, Ny of CIR and DCP have the same asymptotic

distribution, i.e.
DCP: E [0V=|x] = CIR:E[6V=]\o].

Proof. The generator of DCP of the decaying intensity case is given by

DCP : Af(\,n) = —6>\% 1A ([O FO+y,m+1)dG(y) — FO n)> .
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5.2 Decaying Intensity Case

Assume the form f(\,n) = 6"e~B* and let Af(\,n) = 0, we have
dB+60§(B)—1=0,

which has unique positive solution v*. In particular, if G ~ Exp(3), we have

B
BBQ + (5 - 5) B+(H—-1)=0, (5.3)

and v* is given by (2.45). Then, we have martingale #Nte=""** and
E [HNooe—v*)\oc |)\0] _ e—v*Ao’
since Ao, = 0, we have
DCP : B [0 |xg] = e,
On the other hand, the generator of CIR of the decaying intensity case is given by

0
CIR : Af(\n) = aniA%f Aa—)\];+)\(f(>\,n+1)ff()\,n)).

Assume the form f(\,n) = "¢~ B> and let Af(\,n) = 0, we have a similar form as

1
50232 +KxB+(0—1)=0. (5.4)

By comparing (5.4) with (5.3) and letting kK = § — %, o? = 2%, then, (5.4) and (5.3) become
identical. 0
5.2.2 Conditional Distribution of N

Proposition 5.2.1. f(\,t) is a sub-martingale if Af(A\,t) >0 for all X and t; f(\t) is a super-
martingale if Af (A t) <0 for all X and t.

Theorem 5.2.2. For the decaying intensity case, we have
DCP:E [0V [A] > CIR:E [0V |Ao], 0<T < o0,
Proof. The generator of the CIR case is given by

CIR : Af(\,n,t) = g{ %+— QAa—)\JQC—F)\(f()\,n—I—l,t)—f(A,n,t)).

Assume the form f(\,n,t) = e“®97e=BOX and set Af(\,n,t) =0, then,

é(t) — B'(H)A — kA(=B(t)) + %0’2/\32@) + A0 —1) =0,

and
B'(t) = %aQBQ(t) + kB(t)+ (0 — 1),
cdt)y = 0
Set k =6 — % :27 then,
D/ _ é P2 _ l > _
B'(t) = BB (t) + (6 5) B(t)+ (0 -1),
c(t) = 0,
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with boundary condition B(T) = 0 and condition §3 > 1. By (2.59), B'(t) < 0 when 0 < B(t) < v*.

On the other hand, the generator of DCP case is given by

8f 5A%+)\ /Oof()\+y,n+1,t)dG(y)ff()\,n,t)>,
0

DCP: Af(A\ n,t) = g Y

where G ~ Exp(83). We have
DCP: A (eé(t)H"e_B(t)A)
= Ogre B [e’(t) — B'(H)A+ 8B(1)A + A (eﬁ() _ 1)}

3+ B(t
— fOgn B [ (%B%) + (5 _ %) B(t) + (6 — 1)) N SBON+ A (Qﬁ—s—ﬁB(t) - 1)}
= g PONB() 0 [%Bm) +(5-5) BO+ -1
= —ea(t)é)"efé(t))‘)\B( )6f(3)(t) >0,

as B(t) > 0, B(t) < 0. Therefore, e“®@Nte=B1A is a sub-martingale in the DCP case, and we

have a martingale

. i ¢ i
GED gNe o~ B _ 42(0) pNo ,~B(0)Xo 7/ A (eE(s)gNsefB(s)/\.) ds.
0

Hence,
DCP:E[6V|A] = E {eE(T)(gNTe—B(T))\T )\0}
_ T B
= fOpNo BN 4 | {/ A(eé(s)gNsefB(s)M) ds )\O}
0
> eE(O)gNoefé(O))\o —CIR: E [QNT |)\0] :
since

E {/TA (eé(s)eNsefé(s))\s) ds
0

)\0:| > 0.

5.2.3 Conditional Distribution of Ar
Theorem 5.2.3. For the decaying intensity case, we have
DCP:E [ |N] < CIR:E[e7|N], 0<T <.

Proof. The generator of the CIR case is given by

of o
CIR : Af() £) = a{ a%*’ )\a;;

Assume the form f(\,t) = e®e=BOX and set Af(A,t) = 0, then,

é(t) — B'(t)A — kA(—=B(t)) + %GQABQ(t) =0,
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and
B'(t) = %0232(15) + kB(t),
cit) = 0
Set k=6 — %, o? = 2%, then,
IO g 1y -
Bl = 550+ (5 6) B(t),
dit) = 0,

with boundary condition B(T) = v > 0 and stationarity condition 63 > 1, B'(t) > 0.

On the other hand, the generator of the DCP case is given by

DCP : Af(\ 1) = % - (ug A ([O FO 4y, D)dG(y) — f(A,t)) ,
where G ~ Exp(3). We have
DCP: A (ea(t)e_g(t)k)
— ) -BWA [5’@) ~ B(H)A + SB(H)A + A (ﬁfé(t) _ 1)}
_ B [_ (9 52 N\ 5 ’ _8
_ e [ <6B (t)+(5 5>B(t))/\+6B(t)>\+)\(ﬁ+B(t) 1)}
_ et),—B®)X\ p —1 é R2 _ i B
= SO BB {BB () + (5 5) B(t)}
. E®) ,—B® M\ R B/(t)
= —eWe )\B(t)iﬂ—l—B(t) <0,

as B(t) > 0,B'(t) > 0. Therefore, e“®e=BMX is a super-martingale in the DCP case, and we

have a martingale

_ _ ¢ _
(D) o~ B _ 42(0) o= B(0)o _/ A (eé(s)e—B(s))\s) ds,
0

then,
DCPE[e |y = E {eE(T)efé(T)AT )\0}
B T _
= =B L | [/ A <eé(s)e_B(s)As> ds /\0}
0
< 65(0)673(0)/\0 =CIR:E [eiv)\T |/\0] 5
since

(7)o~ B
IE[A .A(e e )ds

)\0:| < 0.
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5.2.4 Moments of \; and N;

Theorem 5.2.4. For 0 <t < oo, the comparison of the moments conditional on Ay between CIR

and DCP for the decaying intensity case is summarised by

CIR : E[A\|Ao] = DCP:E[\|Ag]
CIR : E[N;|\o] = DCP :E[N;|)\o]
CIR : E[M|\g] > DCP:E[MN|)\o],
CIR : E[A:N¢|Ag] < DCP : E[A\:Nt| o)
CIR : E[N}|Xo] < DCP:E[NZ o],
CIR : Var[Ng|Ag] < DCP : Var[N;|Ag].

Proof. The proofs are given separately as below.

Remind that, the generator for CIR is given by

CIR : Af(\,n,t) = ‘Z{ % += QAaTJ; + )\(f()\,n +1,8) - f()vn,t)). (5.5)

E[M¢|Xo]: For CIR, set f(\,n,t) = Xin (5.5), we have
AN = —KA.

Since A\t — A\g — fot AMgds is a martingale, we have

t t
E[\|Ao] = Ao + E U A ds /\0} — o — H/ [\ Ao]ds,
0 0

and .
u(t) = Ao — H/ u(s)ds,
0

where u(t) = E[A\|Ao], then, the ODE

WO ),
with the initial condition u(0) = Ay, we have
CIR : E[\|Ao] = Moe . (5.6)
Comparing with the DCP case from (2.29), i.e
DCP : E[\|Ao] = Moe~ (O=116)t = Nge (0-5)1 (5.7)

let £ = — 5, then CIR (5.6) = DCP (5.7), i.e.

CIR : E[A¢|Ao] = DCP : E[\|Ao], ¢ > 0.

E[Nt|Ao]: For CIR, set f(A,n,t) =n in (5.5), we have
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. t . .
since Ny — Ng — [, Asds is a martingale, and assume Ny = 0 we have

t

t
1—
E[Nt‘)\o] = / E[)\SP\()]dS = )\(]/ e "ds = )\07.
0 K

0
—_5_ 1
Set k =46 3>

1 —(6—1
CIR : E[NXo] = do— (1_6 ( B)t),
which is the same for DCP and CIR, i.e.

CIR : E[N;|\o] = DCP : E[N;[\o], ¢ 0.
E[A?|Xo]: For CIR, set f(\,n,t) =A% in (5.5), we have
AN = —260% 4+ 02\,

Since A? — A2 — [y AN2ds is a martingale, we have

t t t
EN2\o] = N2+ E [/ AX2ds )\0] =\2 72,1/ E[A§|)\O}ds+02/ E[As|Ao]ds,
0 0 0

then,
¢ ¢
u(t) = A\ — 2%/ u(s)ds + 02/ E[As]|Ao]ds,
0 0

where u(t) = E[A?|\o], and the ODE

) _ opu(t) + 0B M),
dt
i.e.
d?;(tt) = —2ku(t) + o?Xge ",

with the initial condition u(0) = A3, we have
o?
E[)\f\)\o] = )\36_2’“ + i’ Ao (e_"‘t - 6_2Rt) .

Set /iz(?—%and o? :2%, we have

1 2é 1 1
CIR : E[A2[\g] = A2e 200 5)t 4“8 ), (e_@_ﬁ)t—e_Q(‘s_E)t), (5.8)

comparing with the DCP case from (2.31), i.e.

2
DCP : E\2|Ag] = A2e 20— 5)t 4 2y (e—(é—%)t - 6—2(‘5—%)t) . (5.9)

Compare (5.9) with (5.8), since the stationarity condition 63 > 1, we have

2
62

_ L1
B

5
25

_1
B

>
0

5
then CIR (5.8) > DCP (5.9), i.e.

CIR : E[M\?|\¢] > DCP : E[X?|)\o], t>0.
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E[A:N¢|Ao]: For CIR, set f(A,n,t) = An in (5.5), we have
A(An) = —knX + X2,

since \e Ny — A\oNg — fot A(XsNg)ds is a martingale, and assume Ny = 0, we have

EWMAdZEU?M&MmS

t t
,\0} — _,@/ E[)\SN5|/\0]d5+/ E[X | No]ds,
0 0

then, the ODE

dgﬂz-ﬁmﬂ+mﬁu¢ (5.10)
or,
du(t) _ — Kkt 0-2 —Kt 02
a +I€u(t)—)\0€ )\O—? e +? s
where u(t) = E[A;N¢|\o] and u(0) = 0, then,
2 —kt —2kt 2
CIR : E[\ N, |Ao] = M[Qm—g)e c +tf“]
K K
22\ ~(0-3)t _o200-%)t 29 .
- X K/\O 51> e : ¢ + P (- h)r
B B B

For DCP, set f(A,n,t) = An in the generator, we have
A()‘n) = 7(5 - /Llc)nA + A? + :u‘lc)‘v

similarly, we have the ODE
du(t)

dt
where u(t) = E[A:N¢|\o] and u(0) = 0, then, we have

= (8 — pg)u(t) + ENFNo] + pag Ee[Ao], (5.11)

DCP : E[\;V; | \o]

—(6— t —2(6— t
- M{Oo fo )e(”w)_e (Mw)+( o +um>m(5maﬂ
6_/1/1G 6_M1G 6_/’61G

2 —(6—%)t _ —2(6—%)t 2 1 |
/\0{<x\o— 521> < 5 61 +<5 61 —|—> te(éﬁ)t} .
~ 5 o -5

To compare CIR with DCP, we firstly compare their corresponding A(An) via (5.10) and (5.11),

ie.

CIR - dE[A:Ne[Ao] DCP - dE[A;N¢[Ao]
dt dt
2é 1 1 % 1 1 1 1
= Bl )\0 (6_ 6_E)t — @_2(6_E)t) — T >\O (e_ 6_5)t — 6_2(6_5)t) + —Aoe_(é_ﬁ)t
~ 5 o b
- ;%Age_(é_%)t(14—26_(5_%)t), (5.12)
where t* = (Slfi is the critical point. Note that, CIR : E[AN;|Ao] — DCP : E[A:N¢|Ao] is the

integration of (%.12). From time ¢ = 0 to t = oo, (5.12) is first negative and then positive,
meanwhile the integration of (5.12) starts from 0 and ends up at 0, hence the difference CIR :
E[A:tNe|Ao] — DCP : E[A\;:N¢|Ao] is first decreasing and then increasing. A function that is first
decreasing and then increasing (quasi-convex) and starts from 0 and ends to 0 has to be negative.
Therefore, we have

CIR : E[A:N¢|Ao] < DCP : E[A:N¢|No], t>0.
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5.2 Decaying Intensity Case

E[NZ|Ao]: For CIR, set f(\,n,t)=n?in (5.5), we have
A(n?) = \2n + 1),

since N2 — fo (N2)ds is a martingale, and assume Ny = 0, we have

t t
CIR : E[N2|\g] = [/ A(N?)ds )\0} —2/ [)\SNS|)\0}ds+/ E[\|Ao]ds
0

For DCP, set f(\,n,t) = n? in the generator, we have
A(n?) = \(2n + 1),

since N2 — fo A(N2)ds is a martingale, and assume Ny = 0, we have
t
DCP : E[N2|Ao] = U A(N?)ds )\0} _ 2/ E[\,N, |)\0]ds+/ E[\|Ao]ds

Since CIR : E[A:N¢|\g] < DCP : E[A:N¢|Ag], t > 0, we also have

CIR : E[N?|\o] < DCP : E[N?|\o], t> 0.

Var[N;|Ao]:  Since Var[N¢|Ao] = E[N?|Xo] — E[N¢|\o]?, where CIR : E[N?|\o] < DCP : E[N?|Ao]
and CIR : E[N¢|\g] = DCP : E[N¢|\g], we have

CIR : Var[N|Ag] < DCP : Var[N;| o], ¢ > 0.

5.2.5 The Probability of the First Jump Time of N;

Theorem 5.2.5. For CIR of the decaying intensity case, the probability of no jump conditional

on Ao is given by

. 1 1—e (5+5)T
CIR: P{Ty > T|\o} = P{Np =0[Ao} = exp 5W)\0 . (5.13)

Proof. Define A; = fo Asds, the generator of CIR is given by
_ 2
CIR : Af(\ A, £) = ﬁ—s—)\ﬁ—(éﬁﬂ 1) f+§A%.

ot oA
Assume the form f(\, A, t) = e e B®A and set Af(\, A, t) = 0, we have

ox  f

B = 2B + (5 - %) B(t) -1,

or, factorise as

P 2B +9) (B0 - 5).

then, with boundary condition B(T') = 0, we have
11— 67(5+%)(T7t)
51+ %ef(éJr%)(Tft)'
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Hence,
11— e—(5+§)T
s e G
Since
E [e—ATe—B(T))\T |)\0] _ e_AOe_B(O))‘O,
or,

E [EfATP\O] — ¢~ BO)Xo

we obtain the probability of no jump explicitly for CIR,

)

* —Ar 1 176_(6+%)T
CIR: P{Np =0[Xo} = P{T7 > T|Ao} = E[e7"7|Xo] = exp —EWAO
o8
Note that, it is an increasing function of T" as
1 —(0+3)T
d 1—e (6+5)T ) 5-1—% —(5+2)T %(1 € (7+3) ) S0
R = e
dT il""alﬁe(ﬁé)T} 1+$€7(6+5)T 1+$67(5+%)T
O
Theorem 5.2.6. For the decaying intensity case, we have
DCP: P{Ty >T|\} > CIR:P{Ty>T|\}, 0<T<c.
Proof. Compare (5.13) with the decaying contagion case from Corollary 2.2.4, i.e.
. _ _ * _ 1 —oT
DCP: P {NT = O|>\0} =P {T1 > T|)\0} = exp (-5 (1 —e ) )\0> . (5.14)
By the inequality
e > 14z, x#0,
e* = 1+z, =0,
if T # 0, then,
BehT 4 L *5T>5(1+ 1T>+1(1 5T) = 4 ©
e —e = —-(1- = =
) 16} ) 5’
and
i 1 s
e’ + % (e - 1) > 1
e_éT + i (67(26+%)T — 37(6+%)T) > 67(5+%)T
op
L (5417 —6T —(s+4)T
<1+%6( ﬁ)>(1—e ) < l—e( 5)
1— e (0+3)T
1—e 7 < ¢ n
14+ #6_(6-"—?)71
(5.14) > (5.13);
if T =0, then (5.14) = (5.13). O

Remark 5.2.1. Note that, the super-martingale approach does not work here as

DCP: P{T7 < T|ho} #E [e727|Xo] .
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5.2 Decaying Intensity Case

5.2.6 The Probability of the Last Jump Time of N,

Note that, for both CIR and DCP cases, we have
P{T; <T|}} = E [exp (—/ )\Sds) )\0}
T

[ee]
E[exp( / )\Te*‘s(S*T)ds)
T
A

= E [e_TT|/\O] ,

y

and we can use the super-martingale method for comparison.

Theorem 5.2.7. For CIR of the decaying intensity case, the probability of the last jump time

conditional on Ay is given by

" 1 0 —1
CIR : P{TL < T|>\0} = exp <_55l66(5—[1i)7"_1>\0> .

Proof. Assume the form f(\,t) = e B®X and set Af(A, A,t) = 0, for CIR, we have

B(t) + (6 - %) B(t),

1
== >0, 0<t<T.
§ 53e(5- )T _ 1

B'(t) > 0 as it is a strictly increasing function of time ¢. We have

CIR: P{T; <T|\o} = E[e 57 |x]
= E[e_B(T)AT|)\0]
e—B(0)Xo

(A2
0 5pe0-HT _17")"

Remark 5.2.2. For DCP case, by setting v = %, a =0, p=0in Theorem 2.2.2, we have

DCP: P{Ty < T|hof =E [e= 7 |Ag] =exp (=G, [(T)\o),

PRl

where

v=% du
gv:l,l(L) = /L Wa

in particular, when G ~ Exp(f), by Lemma 2.3.1, we have

610) = 55— [ (2) - (i =)

which can not be explicitly inverse. Hence, it is hard to compare with the CIR case directly. Below,

we alternatively adopt the super-martingale method for this comparison.
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Comparison of Dynamic Contagion Process and Cox Processes with CIR Intensity

Theorem 5.2.8. For the decaying intensity case, we have
DCP: P{T; <T|\} < CIR:P{T}<T|\}, 0<T<c.

Proof. Plug f(\,t) = e~ B®X into DCP’s generator, then, for all A and ¢ > 0,

DCP: A (e B0Y) = 2e=BON [ B/(1) 1 6B(t) + 64—5B(t) - 1}
B [ 5 (A 1
= X BOA B (t)+m3(t) (B(t)+ (,@—5))}
_ BN [ 4 BB
= A _ B_(t)+ﬁ+B(t)]
_ _)\e—B(t))\ B(t) B/(t)<07

B+ B(t)

as B(t) > 0, B'(t) > 0. Therefore, e"B®M*¢ is a super-martingale in the DCP case, and we have a
martingale

i ) ¢ )
e~ BOA _ ,~BO)Xo _/ A(em BN g,
0

then,
bCP P {Tp < Thel = BB
e~ B L | UTA (e_B(S)AS) ds )\0]
0
< ¢ BOXN _CR: P {TE < T|>‘0} '
since

’ —B(s)A
IE[A A(e )ds

)\0:| < 0.

5.3 Stationary Intensity Case

This section provides an example of two different Markov processes sharing an identical asymptotic
and stationary distribution.

5.3.1 Asymptotic Distribution of A\

Theorem 5.3.1. For the stationary intensity case, DCP and CIR have the same asymptotic
distribution of A, i.e.

DCP: lim E [e”""|Ao] = CIR: lim E [e7"7[Xo].

Proof. For DCP, by setting a = 0 and o = 3 in Theorem 2.3.1, we have the Gamma distribution

DCP : A\, ~ Gamma (87 86— 1) ,
) )
with the Laplace transform give by
§8—1 &
DCP : TlgnooE [e*”)‘TP\o] = <U+5M51> ) (5.15)
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5.3 Stationary Intensity Case

which is also the Laplace transform of the stationary distribution of {A}s>0.

On the other hand, the infinitesimal generator of a general CIR for the process (A, t) is given

by

1 2
CIR: Af(\t) = = — k(A — u)% + 502)\%.

Assume the form f(\ t) = e“®e=BM®A "and let Af(A,t) = 0, we have
( — B/(t) + kB(t) + 30232(15)) At (c’(t) - n/,LB(t)) _o,

holding for any A, then,

Sy
<
—~
~~
~—
I

B(t) (/-e + %JQB(t)> ,

d(t) = rwuB(t).

B(t) = — ,
(v + %ﬁ) er(T=1) —y
and 2
B(0) = (v n ;ﬁ) oy
then,
Jim B(0) =0

Also, we have

T
oT) = e(0) = / wuB(t)dt

2 /e 1 d
= KUu—s5kK U
o2 )i (1—1—%%5) erT —y
9 (1_~_%%K>enT_enT
= —kKiu—n 5 ,
a (1-'—%?/‘\3) 6KT—1
and
2 2 . 2 . Sz K
li —[e(T)—c(0)] — Z1 o? = o? .
7 © SR\ Y Zk v+ Zk
Note that,
E [ec(T)efB(T))\TP\O] — ¢o(0) =B,
or,
E [e—B(T)ATP\O] — 6—[0(T)—C(0)]e—B(O)Ao7
then,

llﬁ g7
CIR: lim E [e‘”’\T|)\0} = ( fQ ) ,

T—o0
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Comparison of Dynamic Contagion Process and Cox Processes with CIR Intensity

which is also the Laplace transform of the stationary distribution of {A:}:>¢ (with proof given by
Theorem 5.5.2), and

2 2
CIR : A\x ~ Gamma (;Hu, ?/{) .
Compare with DCP given by (5.15), if we set

P 3 _(W—l
-1 2T 5

L

given the parameters (5.1) and (5.2) derived from Section 5.2 for £ and o2, we have

P 1 9 ]
= , Kk=0——=, o0°=2-—.
h= 51 3 3

Hence, DCP and CIR share the same asymptomatic (Gamma) distribution of ;.

5.3.2 Stationary Distribution of A

Theorem 5.3.2. For the stationary intensity case, DCP and CIR have the same stationary dis-

tribution of X\¢, i.e.

DCP: E [e*“t] =CIR: E [e*“t] )

Proof. We adopt the same approach as the proof for Theorem 2.2.3 to prove the stationarity. If A
follows a distribution with density II(\), we have

E[AN)] = AOO ANII(N)dA = [O {—H(A - M)%(AA) + ;aﬁdd&(j)} II(A)dA.

Since
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5.3 Stationary Intensity Case

and
fe%e] d2

d)\2

[ e = b [
2/00

F(A)ATI(A)dA

= 1 / :O O A AO [TT()] dudA
e A ioo A ' £ [ull(w)] dudx

1, u=ee > "
= 50 [f(u) [uH(u)] L -/ fu) [uH(u)] du}
_ %g‘z [ un(w)]"au

we have

Set E[A()\)] =0 for any f € Q(A), we have

I 1 9 7
K[ = wm)] + 57 [A()]” =o.
By Laplace transform

fi(v) = L{II(\)} = A T e ),

c{ (A - M)H()\)]/} _ v[,{()\ - M)H(A)} — v (~IT(v) — plI(v)) ,
L{[AH(A)]”} — 2T (),

we have the ODE of II(v),

rewrite as

with boundary condition II(0) = 1, we have

CIR:H(v)—(2”2 ) .
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A Dynamic Contagion Process

with Diffusion

In this chapter, we investigate a dynamic contagion process with diffusion (DCPD), an extension of
the original dynamic contagion process (DCP) introduced by Chapter 2 with the intensity process
perturbed by diffusion. However, DCPD is a point process that cannot be classified as a branching
process as DCP defined in Definition 2.1.1, so, rather than combining the results of DCP and
DCPD within a single chapter, here we seperately derive the Laplace transform of the intensity
process and the probability generating function of the point process for DCPD.

6.1 Introduction

The infinitesimal generator of the dynamic contagion process with diffusion (A¢, Ny, t) acting on a

function f(\,n,t) within its domain (A) is given by

or of

(=g to( [ 70 v dn) - )

o] 1 82
A </ FO+ 2n+ 1L,HAG() — fFOun, t)) + 5"2%7]; (6.1)
0
where constant o > 0 is the volatility of the intensity process perturbed by diffusion and Q(A) is
the domain for the generator A such that f(\,n,t) is differentiable with respect to A, t for all A,

n and t, and

/Oo FO+yon, )dH (y) — FON, n,t)‘ < oo,
0

/OO FO+ 2+ 1,0dG(2) — FO n,t)‘ < oo
0

6.2 Distributional Properties

6.2.1 Joint Laplace Transform - Probability Generating Function of (Ar, Nr)

Theorem 6.2.1. For the constants 0 < 0 <1, v >0 and time 0 <t < T, we have the conditional

joint Laplace transform - probability generating function for the process A¢ and the point process



A Dynamic Contagion Process with Diffusion

Nt;

E |g(Nr=No) g—orr }-t} _ ef(c(T)fc(t)> e B (6.2)

where B(t) is determined by the non-linear ODE
1
—B'(t) + 0B(t) + 03(B(t)) — 1 + 50232@) =0, (6.3)

) = [ G,

with boundary condition B(T) = v; and c(t) is determined by

= a&/ s)ds + p/t [1 - E(B(s))] ds, (6.4)
() = / T AH(y).

Proof. Consider a function f(A,n,t) with an exponential affine form
Fn,t) = DA (e B0,

substitute into Af = 0 in (6.1); we then have

AW, L ( _ B(t) 4+ 5B(1) + A()§(B() — 1+ 10232(t))x

A(t) 2
+ (c’(t) + ph(B(t)) — p— aaB(t)) 0. (6.5)
Since this equation holds for any n and ), it is equivalent to solving three separated equations
A
[ 48 =0 (1)
{ “B'(t) + 6B(t) + AG(B(1)) — 1+ 1®B>(t) =0 (2) - (6.6)
L d(t) + ph(B(t)) — p—adB(t) =0 (.3)

We have A(t) = 6 immediately from (6.6.1); and substitute into (6.6.2) by adding the boundary
condition B(T') = v, we have the ODE as (6.3); then, by (6.6.3) with boundary condition ¢(0) = 0,
the integration as (6.4) follows. Since e?®gNte=BMA is a F—martingale by the property of the

infinitesimal generator, we have

E|ecT Nt o= B(T)Az .7-}} = cMgNie=BOA:, (6.7)

Then, by the boundary condition B(T") = v, (6.2) follows. O

6.2.2 Laplace Transform of Ap

Theorem 6.2.2. The conditional Laplace transform Ap given Ao at time t = 0, under the condition

0 > pig, is given by

_ v Su+ p[l — h(u)] _
E e " |\ | = — a d —G N )\ 6.8
[e | 0] o ( /g,u‘ﬁ(T) Su+ g(u) — 1+ o2u? v e ( Gu.1(T) O> ’ (6:8)

where -
g = / 2dG(2),
0
du 1
L du+g(u) —1+ 3o2u?

gvl

1Tt will be clear in the proof later that G, 1(L) is a one by one function of L and hence its inverse function
g;%(T) exsits.
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6.2 Distributional Properties

Proof. By setting t =0 and § = 1 in Theorem 6.2.1, we have
E [e=37| 5] = e B0, (6.9)
where B(0) is uniquely determined by the non-linear ODE
1
~B'(t) +0B(t) + ¢(B(t)) — 1+ 50 B () =0,

with boundary condition B(T') = v. It can be solved, under the condition 6 > 1, by the following
steps:

1. Set B(t) = L(T —t) and 7 =T — t, it is equivalent to the initial value problem

) ) sp(r) — (L)) ~ L) = (D), (6.10)

with initial condition L(0) = v; we define the right-hand side as the function f;(L).

2. Under the condition é > 1, we have

afgéL) :/ ye*LZdG(Z)—d—GQLg/ 2dG(2) — 6 = i, — 5 <0, for L>0,
0 0

then, f1(L) < 0 for L > 0, since f1(0) = 0.

3. Rewrite (6.10) as
dr

SL+g(L)— 1+ 202L2

= —dr,

by integrating both sides from time 0 to 7 with initial condition L(0) = v > 0, we have
/\U du
L ou+g(u) — 1+ Fo%u?
where L > 0, we define the function on left hand side as

Goa(L) =: /” du

L ou+g(u) — 1+ 302u?’

then,
gv,l(L) =T,
obviously L — v when 7 — 0; by convergence test,
1 N
. o .og(u)—1
tiy ————— = fiy B = >0

Su+g(u) 1+%o’2u2

and we know that [’ du = oo, then,

/“ du
= OO,
0 du+g(u) —1+ Jo%u?

hence, L — 0 when 7 — oo; the integrand is positive in the domain u € (0,v] and also for
L <w, G,1(L) is a strictly decreasing function; therefore, G, 1(L) : (0,v] — [0,00) is a well

defined (monotone) function, and its inverse function G, 1) : [0,00) — (0,)] exists.

4. The unique solution is found by
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5. B(0) is obtained,

Then, ¢(T) is determined by
T T .
o(T) = aa/ G (r)dr + p/ [1— 5 (g;1(m)] ar, (6.11)
0 0

by the change of variable gv_i(r) = u, we have 7 = G, 1(u), and

T g2 9 v 1— h(u
/ [l—h(g@i(T))]dT:/ [1—h(u)]—Tdu:/ P ) 55
0 ' 1) ou g, (1) ou+g(u) =1+ 50%u

similarly,

T v
u
G, 1(T)dr :/ - du.
A () g, () Su+g(u) — 1+ 1022

Finally, substitute B(0) and ¢(T) into (6.9), and Theorem 6.2.2 follows. O

Theorem 6.2.3. If§ > i1, and i—ga > 1, then the Laplace transform of the asymptotic distribution
of A\t is given by

. _ v adu+ p[l — h(u)]
lim E [e="*7|)] = _ a d 6.12
T [e | 0] P < 0 du+g(u) — 1+ to2u? v (6.12)

and this is also the Laplace transform of the stationary distribution of the process {/\t}tZO‘

Proof. Let T — oo in Theorem 6.2.2, then g;}(T) — 0 and the Laplace transform of the asymp-
totic distribution follows immediately as given by (6.12).

To further prove the stationarity, by Proposition 9.2 of Ethier and Kurtz (1986) (and see also
Costa (1990)), we need to prove that, for any function f within its domain Q(A), we have

/ AFO)TI(N)A = 0, (6.13)

where E = [0,00) is the domain for A\, Af()) is the infinitesimal generator of this process acting
on f(M\), ie.

sy = = s (7 0k pan) - 1)
([T s 2a66) - 700) + Y, (6.14

and II(A) is the density function of A with the Laplace transform given by (6.12).
Note that, for the density function II, since [;* II(u)du = 1, we have

U— 00

lim ull(u) = 0,
0.

lim [ull(u)] =

By convergence test,

a5u+p[17ﬁ(u)] ~ 7 !
. dutg(u-1tietwz . u+ E[l—h(u)] (u+ &1 - h(w))
lim ——————2——— = lim —%———>= = lim =1,
st - clusz u—oo 4 4 g(iﬁ)gl U—00 Gw)—1)
+30%u o+g0%u Ut S o
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6.2 Distributional Properties

since
v
. ad
lim ———du = oo,
2
v—0o0 [ 5-|— 5o— u

we have

) v adu+ p[l — h(u)]
lim - T =
v—oo fq ou + g(u) — 14+ 50—2u2

For constant € > 0,

‘w

)

o

“I(v)

_25, .
€ 2% x lim v-
V— 00

. v adu+ p[l — h(u)] 25 (U1
o0 D ( 0 du+g(u) — 1+ 1o2u? ut 02(11 u

€ abu+ p[l — h(u)]
= —_— d
P ( 0 du+g(u) — 1+ o0%u? “

(_ v adu+ p[l — h(u)) 25 (° 1du>

U+ —a
¢ Ou+g(u) —1+ o%u? o2 Jo u

= TI(e) x lim exp < /U { adu + p[1 — h(u))] B iga} du>

v—00 Su+ g(u) — 1+ Lo2u? u

= TI(e) x lim exp ( /U p[l = h(w)]u — Zaldu— g(u) — 1] du>

v—00 (5u +g(u)—1+ %O’QUQ) u

x lim exp

vV—00

= Ti(e) x E(e),
where
> p[l — h(u)]u — Zadu— §(u) - 1
0= e~ pli — bl — Balu—g(w) -1 N
e <5u +g(u)—1+ %02u2) u
hence,
lim va2TI(v) = 22 “TI(e)E(e),
ie.

Note that a constant is a slowly varying function. Then, if %ga > 1, we have

lim IT(u) = 0,
lir% ull(u) = 0,
1in% [ull(w)]” = O.

We will now try to solve equation (6.13).
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For the first term of (6.13), we have

Ll

LW
dA

] M)A =

—6/ FTN)[AII(N)]dA

For the second term of (6.13), we have

Jo e

L)
A

} MM\ =

5/ I8 / Wfdud) o llw]| =0
5 f( )[ull(w)) dudA

A=0 Ju=\
) £ ) [ull(w)]dAdu

u=0 JA=u
) FN)dN[ull(w)) du

=0 JA=u
5 [ [ = 1] i) au )
5/ f () [ull(w)])'du — 6 f(0) [ull(u)] [ull(w)]

0 u=0 u=0
[ fwitya
da f( JIL(A)dA

A= 0
~oa [~ 0f< )/ 0 (1) ud A | =0
—6aA . )\f uw)dudA
—5a / [ o eduay
5a / : ;0 F/OVAATT (u)du
_sa / - [f(u) f(O)]n'(u)du
5a / F)TT (u)du + S f(0) L . H_'(u)du
—a / FOTT (w)du + Saf(0)TI(u) Mw)| =0

u=0 u=0 U=00

5a / F(@)IY (w)du+ daf (O)T1(0) T1(0) = 0

—da L:o F()I (w)du

For the third term of (6.13), by change variable A+ y = s (y < s) in the double integral,

or,

/E {'0 AOO FO+ y)dH(y)} TI(A\)dA

oo

Pl\zo II(A) o fA+y)dH (y)dA = p/zo f(s) /yzo (s — y)dH (y)ds,

S

L [p Am FOA+ y)dH(y)} II(A)dA = p :O fN) /yio (A — y)dH (y)dA.
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For the fourth term of (6.13), by change variable A + z = s (z < s) in the double integral,

/ /\ /oof )\—s—sz(z)ﬂH()\)d)\

ATI(A /f/\+z 2)dA = / / s — 2)TI(s — 2)dG(2)ds,

A=0

or,

L {)\ ( A T4 z)dG(z)ﬂ nova = [ o / iO(A ~ )T\ — 2)dG(2)dA,

A=0

For the fifth term of (6.13), we have

/E [; 2Ad?;(j)] II(\)dA

1 2 o "
5 A F/OVATI(A)dA

Lo [Ty / R S ()|
A=0 U=\ .
£ () [ull(w)] dud X
A=0 Ju=X\

! F ) [ull(u)] dAdu
u= 0 A 0

l\D

Q

FT AN [ull(w)] du

u=0 JA=0

) — £(0)] () du

N = N~ N N\PJtO\H
e
|

_ L i f’(u)[uH(u)]’du—i—%an’(O) A :[un(u)]'du
= 5ot [ @I e SO i) =0
= _—_g2 - I (w)[ull(w)]) du
u=0
= —o? "(u) B [sTI(s)]"dsdu - [sTI(s)) ) =0

o

q
[ V)
—
il
T
3
=
&
W
|
=
o
@
a
S

8

Q
[\v]

o]

2l
;“w
w
)
—
=
o
<
"
=
—
Vo)
=
o
V2]

Q

Q
8L

T T e o T

=0
= 37 [ O s = 5ot 0) [ (st as
= 50t [ R s — 2o F0)fsTI(s) S| =0
s=0 s=0
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Q
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A Dynamic Contagion Process with Diffusion

Therefore,
A AFO)TI(A)dA
= AOO N [5% (()\ - a)H()\)) +p (f (A —y)dH (y) — H(M)
+ (AA(A — 2)TI(A — 2)dG(z) — ATI(\) + %UQdd—; [AH(A)]) }d/\.
Set

/ Af(MNII(A)dA =0,
E
for any function f(A) € Q(.A), then,

5o (- am) +5 ( / "l y)dH () m))
+ (A/\(A — 2)II(\ — 2)dG(2) — ATI(A) + %ﬂdd—; [AH(A)]) =0,

by Laplace transform
(v) =: L{II(\)} = / II(\)e " dA,
E

we have

c {% <(/\ - a)H(A)) } = wL{(r— )TN} = v (—dgfj’) - aﬁ(v)> ,
c [no-parw)} = e{ [ 00— rwar} = twie),
c {AA(/\ ~ )TI(A — z)dG(z)} - ¢ {K(A — )TN — z)g(z)dz}

= L{IWN)}§(v) = —dgiv)g(v)
E{C&Q[)\H(A)]} = —vziﬁ(v),
then,
5 dIl(v) i 3 i 1—§ Lj2,2) )
o -y e (v) | + p[h(v) — 1] (v)—|—( —g(v)—50v> T =0,

or,

(1 v — ) — %o%ﬂ) dr}li”) + ( — adv + plh(v) - 1])11(@) 0,

which is an ODE with the solution given by

v adu+ p[l — h(u)]
- T du ) .
0o ou+g(u) — 14 50%u?

II(v) = T1(0) exp <—

Note that, given the initial condition

we have the unique solution

FI(0) = exp < v adu+ p[l = h(u)] du> ’

0 ou+g(u) — 1+ Fo2u?
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6.2 Distributional Properties

which is exactly given by (6.12).

Since II is the unique solution to (6.13), we have the stationarity for the intensity process
{)‘t}tZO' O

Corollary 6.2.1. For the case without externally excited and self-excited jumps, we have

At ~ Gamma 2—(SCL,E .
{ }tZO o

2% 2
Proof.
25\ 5@
. v adu 26 vl = v
II(v) =exp | — ——————du ) =exp | ——a —du | = g .
=on (- [ i omatn) o (e [ ome) - ()
O
Corollary 6.2.2. For the case without self-excited jumps and assume H ~ Exp(«a), we have
20 2p 20 2p
{)\t}tzo ~ Gamma (;a 95 — 02,02) + Gamma (72670402704) .
Proof.
N 7" aéu + 14 1-— ﬂ
fife 1-anl,
du+ $o2u?
i k)
= ——————du ) x — ——d
P ( 0 5u + 02u2 u) P < A Su+ to2u? “
6 2a 25 —5t a 25_2#
= 5 x =5 ( )
<” + az> < + 2> a+v
20 (gg%zsfﬁ) < o )mrzﬁaz
= g X .
v+ 2 a+wv
O

Corollary 6.2.3. For the case without externally excited jumps and assume G ~ Exp(fB) and
stationarity condition 63 > 1, we have

II(v) = exp (—i—ia%}v l(u)du) ,

where
B+ u
l(u) =: , 0, v|,
v u?+ (B + ) ut Z(68-1) we o]
and
]
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A Dynamic Contagion Process with Diffusion

Proof.
. v adu
II(v) = exp|— du
@) p< A 5u—|—5%—1+102u2 >
= d
exp( I )
B+u
= exp 2a % du | .
o ou2+( +B)u+ Z(68—1)
Note that,
o?3

for u € [0, ], I(u) is a positive strictly increasing function since

2 2 2 %
U'(u) = v ﬁu—i—(ﬂ +U) <0, wuel0,v].

[u2 + (j—g+6)u+%(5571)]2

hence, f[(v) exists. For instance, we derive the first moment of stationary A,

. . 20 20 a2 e
E[N] = —H’(v)|v=0 = —1I1(0) (—;al(O)) = 3¢ X 205 - 1) = 35— 1%
which is independent of volatility parameter o. O

Corollary 6.2.4. If § > 1, and Ao ~ II, then A\p ~ I for any time T > 0.
Proof.

Ele] = E[E[e™|x]]

_ o adu + p[1 — h(u)] L
- < /gv—; 7y ou+ g(u) — 1+ 50%u? du) x B [exp ( gu,1(T))\0)]

v adu + p[1 — h(u)]
= exp|— [ 3 P T o 5 du
g, (1) 6u +g(u) =1+ 50%u
o /gv,i(T) adu + p[1 — h(u)] a
xp | — u
P 0 Su+ g(u) — 1+ o2u?

v adu+ p[l — h(w)]
= —_ d
P < 0 du+g(u) —1+ Fo%u? "

= II(v).

6.2.3 Probability Generating Function of Np

Theorem 6.2.4. The conditional probability generating function of Ny given Ay and Ny = 0 at

time t = 0, under the condition 6 > u1, is given by

9060 adu+ p[1 — h(u)]
Nr _ -1
E[G |/\0} - <_A 1—du—0g(u) — %02u2 du> P (_gO’H(T))\O) ’

where

g (L)-/L du 0<h<1 (6.15)
0.0 Jo 1—6u—0j(u) — %O'Q’LLQ, - ' '

118



6.2 Distributional Properties

Proof. By setting t = 0, v = 0 and assuming Ny = 0 in Theorem 6.2.1, we have
E[GNT|.7:0] = e~ M B0,
where B(0) is uniquely determined by the non-linear ODE
1
—B'(t)+ 0B(t) + 03(B(t)) — 1 + 50232@) =0,

with boundary condition B(T) = 0. It can be solved for ¢ > 0, under the condition 6 > 1, by
the following steps:
1. Set B(t)=L(T —t) and 7 =T — ¢,
dL(7)

5 - SL(T) — 0§(L(T)) — %&L%) = fo(L), 0<0<1, (6.16)

with initial condition L(0) = 0; we define the right-hand side as the function fo(L).

2. There is only one positive singular point, denoted by v* > 0, by solving the equation fo(L) =

0. This is because,

e for the case 0 < 0 < 1, the equation f3(L) = 0 is equivalent to
1 1
g(u) = g (175u—§02u2) , 0<8<1,

note that §(-) is a convex function, then it is clear that there is only one positive solution

to this equation;
e for the case § = 0, the equation fo(L) = 0 is equivalent to
1
1—5u—§02u2:0, =0,

which has only one positive solution

. —0+ V% +202
V= >0,

g

o > 0;

and for both cases,

—6+4/02+202(1—0 _ Vo2 & 252
( )<u*gw, o> 0; (6.17)

o2 o

then, we have fo(L) > 0 for 0 < L < v* and fo(L) < 0 for L > v*.

0<

3. Rewrite (6.16) as

dL
- 1 =dr,
1—-6L—0g(L) — 50%L?
and integrate,
/L du
= T’
o 1—0du—0g(u) — Lo2u?

where 0 < L < v*, we define the function on left-hand side as

L
Go,o(L) ::A iiu ) (6.18)

then,

go,e(L) =T,
as L — 0 when 7 — 0, and L — v* when 7 — o0; the integrand is positive in the domain
u € [0,v*) and L > 0, G ¢(L) is a strictly increasing function; therefore, Gy (L) : [0, v*) —

[0,00) is a well defined function, and its inverse function gojé (1) : [0,00) — [0,v*) exists.
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4. The unique solution is found by
L(r) = Gog(r), or, B(t)=Gg,(T —1).

5. B(0) is obtained,
B(0) = L(T) = Gy (7).

)

Then, ¢(T) is determined by
T T .
o(T) = aa/ Goa(r)dr + p/ [1 =k (Gys(r)] dr,
o 0
where, by the change of variable,
T G (D) u
dr = / ’ du,
A Go,0(7)dr 0 1—0u—0g(u) — j02u? "

A Tk (Gekn)] dr

Finally, substitute B(0) and ¢(T) into (6.9), and the result follows.

I
S
Q
o
-
3
—_
\
>
=
S~—
o,
IS

(6.19)
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7

A Discretised Dynamic Contagion

Process

In this chapter, we introduce a new point process named “discretised dynamic contagion process”,
a Markov chain model for contagion. We can prove (in Theorem 7.2.3) that it is a special class
of branching processes that generalises a dynamic contagion process (of reversion level a = 0)
introduced by Chapter 2. The transformation formulas between a discretised dynamic contagion
process and the original dynamic contagion process (a = 0) are obtained. Some key distributional

properties of this new point process have also been derived.

7.1 Introduction

We provide the definition of a discretised dynamic contagion process based on the transition prob-

ability within a sufficient small time interval.

Definition 7.1.1. The discretised dynamic contagion process (N, My) is a point process on Ry
such that

P{Myyar— My =k Niygnr — Ny =0[My, Ni} = pprelt+o(At), k=12,
P {Mt+At — Mt =k - ]-7Nt+At - Nt = 1|Mt,Nt} = 5MtQkAt + O(At), k= 0, ].,
P {Mt+At — Mt = 0, Nt+At — Nt = O|Mt, Nt} = 1- (p(]. — PO) + (SMt)At + 0(At)7

P {Others|Mt, Nt} = o(At),
where At is a sufficient small time interval, §, p > 0 are constants and batch-size distributions
pr = P{Kp=k}, q.=P{Kg=k}, k=01,
with the probability generating functions are defined by

pO) = 0Fpr, G(0) = 0Fq.
k=0 k=0

Remark 7.1.1. In the point process M;, there are two types of jumps:

1. Independent Jumps Kp:
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e jump independent of Ny,
e upward by 0,1, 2, .. steps, with the corresponding probability pg, p1,p2, ---;

2. Joint Jumps Kq:

e jump simultaneously with N,

e upward by —1,0,1,2,... steps, with the corresponding probability qo, q1, g2, ..., in par-

ticular, —1 means decline by 1 step.

With the aid of the piecewise deterministic Markov process theory and using the results in
Davis (1984), the infinitesimal generator of a discretised dynamic contagion process (Mg, Ny, t)
acting on a function f(m,n,t) € Q(A) is given by

k=0
+om <Zf(m—|—k;—1,n+1,t)qk—f(m,n,t)) , (7.1)
k=0

where Q(A) is the domain of the generator A such that f(A,n,t) is differentiable with respect to
t, and for all m, n and ¢,

Zf(erk,n,t)pk — f(m,n,t)| < oo,
k=0
Zf(m—i—k— Lin+1,t)q — f(m,n,t)| < co.
k=0

Similarly to the Definition 2.1.1 for the dynamic contagion process, the discretised dynamic con-
tagion process is a cluster point process on R and also can be defined as a branching process. A

sample path of the discretised dynamic contagion process (N;, My) is given by Figure 7.1.
Remark 7.1.2. The point process M; is a non-negative process, as by Definition 7.1.1,

e if M; = 0, there is no joint jump and M; cannot be brought downward further by 1 step or

more;
o if M; =1,2, ..., there is possible downward movement with maximum 1 step.

Higher levels of M, will bring more possible jumps in Ny, hence more joint jumps in M;.
So, for a general discretised dynamic contagion process, M; could explode at time infinity, and a

stationarity condition (given later by Remark 7.2.1) needed to keep the process M; stationary:

e when M; goes higher, there will be more possible jumps in N;, and hence more simultaneous
joint jumps with —1 step in M;. So it finally will bring the level of M; to be lower;

e when M; goes lower, in particular, during the period when M; = 0, there are no joint jumps;
there are only possible independent jumps that bring M; out of 0 level; once M; is above 0,
there will be possible joint jumps, and hence more possible joint jumps that bring the level
of M; higher.

Remark 7.1.3. We can consider the discrete piecewise non-negative process {0M;},, as the
intensity process of the point process N; ( with the proof given later by (7.2)).
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7.2 Distributional Properties

Point Process Nt v.s. Point Process M

lO]

Point Process Nt

Point Process Mt

Time t

Fig. 7.1: Point Process N v.s. Point Process M;

Remark 7.1.4. The discretised dynamic contagion process is a generalised birth-death process
with multiple births and one single death of offsprings for each individual alive at time t.

Remark 7.1.5. The discretised dynamic contagion process is more general than the dynamic
contagion process (a = 0) introduced by Chapter 2, as the intensity process {0M;},-, allows to
be zero, and also the dynamic contagion process (a = 0) is a special case of discretised dynamic
contagion process when both Kp and K¢ follow mixed-Poisson distributions (with proof later
given by Theorem 7.2.3).

7.2 Distributional Properties

7.2.1 Moments of M; and N,

We derive the first moments of M; and N; by ODE method and discuss the stationarity condition
for the process M;. Other moments can also be obtained similarly to Section 2.2.4 for dynamic

contagion process, and we omit them here.

Theorem 7.2.1. The expectation of My conditional on My is given by

B p1pp P1p P —6(1—p1g)t
E[M,|M,] = +<M0—)e Ny, £1,
[ t‘ ] 6(1 _/'l‘lQ) 6(1_/‘1@) “
E[Mt‘M()] = MO —+ ‘LLlppt, ILL1Q =1.

Proof. Set f(m,n,t) = m and plug into the generator (7.1), we have
Am = —0(1 — pig)m + pa,p.
Since M; — My — fg AM,ds is a FF—martingale, then,

t
E[M,|My] = My + E [/ AM,ds
0

t
Mo} = My =31~ i) [ EIML|Mds + .
0
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and we can derive the expectation via the ODE
du(t)

dt
where u(t) = E[M;|M] with the initial condition w(0) = M.

= _6(1 - :ulg)u(t) + tipp,

Remark 7.2.1. The stationarity condition of the process M; is p1, < 1 where

oo
M1, =: Z k.-
k=0

Note that, by Theorem 7.2.3, it can be alternatively derived via the transformation from the

stationarity condition d > p;, for a dynamic contagion process, i.e.
Y
o = E[Kq] :EL;‘YNG} - ”% <1.

In particular, if Ko ~ Geometric (¢), then, the stationarity condition is ¢ > %

Corollary 7.2.1. Assume p1, < 1 and Ng = 0, for the stationary distribution of My, we have

Hipp
EM)| = ——m—
[ t] 6(1_/1/1@),
E[N,] = %t.
Q

Proof. Set f(m,n,t) = n and plug into the generator (7.1), we have
An = dm.

Since N; — Ny — fot AN,ds is a FF—martingale and Ny = 0, then,

t t
E[N;|M] = No + E U AN,ds Mo] - 5/ E[M,| Mo)ds, (7.2)
0 0

and

_ ! _ _ M1pp
E[N,| =6 [ E[M.,]ds =E[N,] = ‘.
0 1— 1,

7.2.2 Joint Probability Generating Function of (M, Nt)

Theorem 7.2.2. For constants 0 < 0, < 1 and time 0 < t < T, we have the conditional joint
probability generating function of (Mrp, Nr),

E [Q(NT*Nt)wMTLf‘t] — ef(C(T)fC(t))[A(t)}Mt’
where A(t) is determined by the non-linear ODE
A'(t) + 604(A(t)) — dA(t) = 0,

with boundary condition A(T) = ¢; and c(t) is determined by
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7.2 Distributional Properties

Proof. Assume the exponential affine form
f(m,n,t) = [A®t)]0"e®,

and set Af(m,n,t) = 0, note that,

D IAGF e =p(AD); Y [AM e = 4 (A)),
k=0 k=0

then, we have

or,

(t) = p[1 = p(A(2))] (:2)

Since [A(t)]M:0Ntec®) is a FF—martingale, we have

{ A'(t) 4 60G(A(t)) — 5A(t) =0 (1)

]E{[A(T)]MTHNTeC(T) ]-"t} — [A()MegNe e,

with boundary conditions A(T) = ¢ and ¢(0) = 0. O

7.2.3 Transformation to Dynamic Contagion Process

The discretised dynamic contagion process (N¢, M) (defined by Definition 7.1.1) is matching to
a dynamic contagion process (N¢, \;) (defined by Definition 2.1.1) with reversion level a = 0. We
discover the transformation formulas between the discretised dynamic contagion process and the

dynamic contagion process (a = 0) by comparing their infinitesimal generators:

e The generator of a dynamic contagion process (A¢, N;) with a = 0 is given by (2.2), i.e.

AfOvmt) = % - 5)\% Yo (Aoo FO Ay, O)AH(y) — FO, n,t))

+)\(AOO fOA+y,n+1,6)dG(y) — f()\7n,t)).

Assume the form f(\,n,t) = e BB mec®) and set Af (A, n,t) = 0, we have

—B'(t)+0B(t) + 0g(B(t)) —1=0
. . (7.3)
c(t) = p[1 —h(B(t))]
which has been used to derive E [0NT671))‘T |)\0] (as given by Theorem 2.2.1).
e The generator of a discretised dynamic contagion process (My, Ny) is given by (7.1), i.e.
af >
Af(man,t) = 7+p Zf(m+kvnat)pk_f(manat)
ot =
+dm <Zf(m+k -Ln+ 17t)q]€ - f(manvt)) .
k=0
Similarly, assume f(m,n,t) = [A(t)]™0"e“®) and set Af(m,n,t) =0, we have
{ A'(t) + 80G(A(t)) — 6A(t) =0 (7.4)
c(t) = p[1 — p(A(1))] '

which has been used to derive E [HNT oM |Mo} (as given by Theorem 7.2.2).
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A Discretised Dynamic Contagion Process

Compare (7.4) with (7.3), if we set

B(t) = - _(;4(”, (7.5)

=i (1) aw=g("). (7.6

, A(t) = 1 - 8B(t), (7.7)
P= b0 =h(w), 4(-0u) =g (). (78)

then, (7.3) and (7.4) are equivalent. The transformation between the discretised dynamic contagion

process and the dynamic contagion process (a = 0) is thus given by Theorem 7.2.35.

Theorem 7.2.3. The discretised dynamic contagion process is a dynamic contagion process with
a=0,if

Y Y
Kp ~ Mixed—Poisson (5‘3/ ~ H) ,  Kg ~ Mized-Poisson (6‘3/ ~ G) ,

i.€.
y
5

pom [ (9 a0, a7 (8) e

Proof. By the transformation formula (7.6), we have

S e = ﬁ(9)=ﬁ(¥>:/ e VAH (y) = E [ %00
k=0

0

Kp ~ Poisson (%)H

= ElZOkP{Kp:k‘KPNPOisson (%)}
k=0
oo A ) Y
= ZQ]E P{Kp =k|Kp ~ Poisson 5
k=0

= Y 0"P{Kp =k};
k=0

= E []E {GKP

and similarly, for g.

O
Corollary 7.2.2. If H ~ Exp () and G ~ Exp (8), then, the transformation is given by
{pr} Geometric (p) jo %
Pk sk=0,1,2... p), b= Sat1’
{qr} Geometric (¢), ¢ =: Lo
dk s k=0,1,2... q), 4= 55+1'
Proof. It H ~ Exp (), then, by (7.6), we have
~(1—u « 56a b
ﬁ(u)=h< >= — = atl = —;
5 a+ v 1-(1-52)u 1-0-pu
and similarly, for G ~ Exp (). O
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7.2.4 Probability Generating Function of Mp

Theorem 7.2.4. Under the condition u1, < 1, the probability generating function of Mz condi-

tional on My is given by

Q.M i1 — p(u 0
wiptean) = (- [ S5 o) < [ophen]

where
du

L
Q,1(L) = A S (7.9)

Proof. In particular, set t =0, § =1 and assume Ny = 0 in Theorem 7.2.2, we have

E[@™7|Mo) = e~ [A(0)]M, (7.10)
where A(0) is uniquely determined by the non-linear ODE

A'(t) + 6G(A(t)) — §A(t) = 0,

with boundary condition A(T") = ¢. Under the condition p;, < 1, it can be solved by the following
steps:
1. Set A(t) = L(T —t) and 7 = T — t, it is equivalent to the initial value problem

dL(r)
dr
with initial condition L(0) = ¢; we define the right-hand side as the function fi(L).

=0G(L(7)) — 0L(1) =: f1(L),

2. Under the condition p1, < 1, we have

agéL) 5<§:kLk1pk1> Sé(ikpk1> :5(,“@*1> <0, 0<L<I,

k=0 k=0

then, f1(L) > 0 for 0 < L < 1, since fi(1) =0.

3. Rewrite as
dL B
5¢(L) — 6L

by integrating both sides from time 0 to 7 with initial condition L(0) = ¢ > 0, we have

/L du
A~ = T’
o 04(u) —ou

where 0 < L < 1, we define the function on left hand side as

L du
L) =: e —
Qe (L) /90 8G(u) — ou’

dr,

then,
Q%l(L) =T,
obviously L — ¢ when 7 — 0; by convergence test,
i
1 ) .
. S . du)—u . <Q(U) - u) o
fim 5 =t S = i S =6 (1 i d 0) =1 g >0
g(u)—du
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and we know that f = du = oo, then,

/1 du e
o 0G(u) —ou ’

hence, L — 1 when 7 — oo; the integrand is positive in the domain u € [p,1) and also
Q,,1(L) is a strictly increasing function; therefore, Q, 1(L) : [p, 1) — [0,00) is a well defined

(monotone) function, and its inverse function Q;}l(T) :[0,00) = [p, 1) exists.

4. The unique solution is found by

5. A(0) is obtained,

Then, ¢(T) is determined by

«r)=p [ [1-p(;1(m)]ar

by the change of variable Q;)ll(T) = u, we have 7 = Q1 (u), and

e o or LM 1 — p(u)
A [1—h(g%1(7))]d7_/7 [1 = pu )]%dU—L 3q0w) — ou

Q9,40

O

Alternatively, with the aid of the transformation, we can directly prove Theorem 7.2.2 from

Theorem 2.2.2 for the dynamic contagion process.

Proof. Review the proof of Theorem 2.2.2, as given by (7.10), we have
E[[A(T)M7 | M) = e=<TI[A(0))™,

where A(T') and A(0) can be alternatively solved via the transformation. Set A(T) = ¢, by (7.7),
we have

A(T)=1-0B(T) =1-4G,1(0)=1—6v =0,

then, v = PT“”, and by (2.13),

Goa(L) = /5u—|—gu—1

/ 5u+q(1—6u)—1
1-0L 1 _

ST (o-159)
1-50v 04(s) — ds 0

1-6L 1
= ——ds.
L 0G(s) — 0s

du (s=1-06u)

Since
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and by transformation (7.7), A =1 — 0B, we have

Gu.1 (%) = /;4 mds.

Define Q, 1(L) by (7.9), we have

Qui(u) =Gy (1 gu> )

or,
Qui(l—du) =Gy (u).
then,
Q1 (1-0G,3(T)) = Gun (G (1)) =T,
and

Q,L(T) =1-06G,1(T).
By transformtation (7.7),

A(0) =1-0B(0) = 1 - 6G, {(T) = Q1 (T),

and

o b

1—

S5 p0 - )]
= -1 d =1-¢
/“nglm ou—+ G(1 — ou) — 1 Y (s u)

24T plL — f(s)
L 3G(s) — s ds.

Theorem 7.2.5. If My ~ Poisson (%), then,
E[p™7] = E [e7"7|Xo] .
Proof. If My ~ Poisson <%), then, ]E[d)MO] = e~ "5 By the transformation (7.5) and (7.7), we

have

and
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A Discretised Dynamic Contagion Process

Then, by comparing Theorem 7.2.2 and Theorem 2.2.2, we have

E[p"] = E[E[p""| M|
(D) _
= exp <—/ p 1 du) IE MO]
]
(T _ @™
_ _ o1 p 1 <p 1
- exp< / 2] )
QLM p 1 11<T> 1—
= exp —/ [ ( )]du I <s: u)
® 59( ) 0
T L= h(s) > e,
= exp|— [, -ty ————-ds}e s o
< /C"gl() d0s+g(s)—1
- _/v a5u—|—p[1—h(u)]du e~ 9u1(T)o
E [e*v*T |)\0] .

O

Theorem 7.2.6. If 11, < 1, then, the probability generating function of the asymptotic distribu-
tion of My is given by

1 —p(u
TILH;OIE[cpMﬂMO] = exp (-/@ Wdu>, (7.11)

and this is also the probability generating function of the stationary distribution of the process
{M;}1>0.

Proof. Since

lim Q ( ) =1,

T—o0
and by Theorem 7.2.4, we have the probability generating function of the asymptotic distribution
of M7 immediately.

To further prove the stationarity, by Proposition 9.2 of Ethier and Kurtz (1986) (and see also
Costa (1990)), we need to prove that, for any function f € Q(A), we have

i Af(m)R,, =0, (7.12)
m=0

where Af(m) is the infinitesimal generator of the discretised dynamic contagion process acting on

f(m), ie.
Af(m) =p (Z fm+k)pr — f(m)> +om (Z fm+k—1)g — f(m)> : (7.13)
k=0 k=0

and {Nm}k:(),m,... are the probabilities of m with the probability generating function given by
(7.11). Now, we try to solve equation (7.12).
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7.2 Distributional Properties

For the first term of (7.12), we have

Zl <me+k )] pi&mif(m—kk)pk (j=m+k)

m=0

oo

= P Z f Z Nj kPk
7=0 k=0

= Z )Z Nm—kpk~
m=0 k=0

For the second term of (7.12), we have

> [5m <Zf(m+k— 1)qk>] R, = 0 Z mNme(m+k— Dar
m=0 k=0
= 4 Z (m+1) ’”‘Hzf (m+k)q
m=—1
= 5 Z(m+1)Nm+12f(m+k)Qk (j=m+k)
o0 J
= 5Zf Z]—/f'i‘l J—k+1dk
3:0 k=0
= 4 Z Fm) Y (m =k + 1Ry k10
m=0 k=0
Therefore,
> Af(m)R
m=0
> fm) lp <Z R —kPk — NM> +9 <Z(m — k41N p1qr — mNm)] =0,
m=0 k=0 k=0

for any function f(m) € Q(A), then, we have recursive equation
P (Z NPk — Nm) +4 (Z(m —k+ 1R gg1qr — mNm) =0,
k=0 k=0
and
Z (pm X |f) (Z N kPr — Nm) +6 (Z(m —k+ I)Nm,kJrlqk — mNm)] =0.
m=0 k=0 k=0

By the Laplace transform

R(o) = L{Nn} = 3 W™,

m=0
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A Discretised Dynamic Contagion Process

since

Z ™ Z Ny kP =

m=0 k=0

Z Z Sokpkwm_kNmfk

E4+ 1R _pr1qe =

5 S

m=0 k=0

+1-j

I

€=

™3
GQ

11]1

and
oo

oo
PRy, = > mRy ™!

m=0 m=0

we have the ODE of &((p),

= oN'(p),

or,

then,
o) =R (- [ =2a).

with the initial condition &(1) = 1, hence, we have the unique solution

(=m-

=R >>

k+1)

(i=m+1)
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7.2 Distributional Properties

which is exactly given by (7.11).
Since the distribution N is the unique solution to (7.12), we have the stationarity for the
process {M; }i>o. O

Corollary 7.2.3. Under condition p1, <1, if My ~ R, then Mg ~ X.

Proof. If My ~ X, then, by Theorem 7.2.6 and Theorem 7.2.4, we have

o] = [l
. </Qil<T

[
A

@
©
= exp (—
@

= R(e).

) = Pl )]du> < E[[0;4(m)]"]

—p(u) L pll =)
= du> X exp <— /Q%ll(T) sq(u) — 5udu>
p( )] )

pll —
5q(u
) pll
6q(u
ol

5

O

Corollary 7.2.4. The probability generating function of stationary distribution of {M;}¢>0 can be

expressed by the Laplace transform of stationary distribution of {\}i>0 as

R(p) = I(v),

or,

~ L /1=
R(u) = 11 ( - “) . (7.14)
Proof. By Theorem 7.2.6 and Theorem 2.2.3, we have

Sty v _p[l— h(u)]
II(v) = exp <— ; 6u+§(u)—1du>

(L el— (= bu)] s
= exp( ; 5u+@(1—5u)—1du> (s=1-0u)

- o (- [, St )
= R(1-—dv)
= R(p).

7.2.5 Probability Generating Function of Np

Theorem 7.2.7. Assume p1, < 1 and Ny = 0, the probability generating function of N condi-
tional on My is given by

1 N
Nr ] = _ AL = p(w)] 1 (] Mo
]E[Q |Mo] = exp< /Q(LZ(T) (5u—50(j(u)du> X [QO’Q(T)] ,
where

< . .
Quu(L /5u—59q L 0<6<1 (7.15)
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Proof. By setting t =0, ¢ = 1 and assuming Ny = 0 in Theorem 7.2.2, we have

E[0NT | My = e~ [A(0)] ™, (7.16)

where A(0) is uniquely determined by the non-linear ODE

A'(t) + 60G(A(t)) — SA() = 0,

with boundary condition A(7T") = 1. It can be solved, under the condition 3, < 1, by the following

steps:

1. Set A(t) =L(T —t) and 7 =T — ¢,

dL(T)
dr

with initial condition L(0) = 1; we define the right-hand side as the function fo(L).

= 60G(L(7)) — 6L(1) =: fo(L), 0<6 <1, (7.17)

. There is only one positive singular point in the interval [0, 1], denoted by

0<e" <1, (7.18)

by solving the equation fo(L) = 0. This is because, for the case 0 < § < 1, the equation
f2(L) = 0 is equivalent to
1
(j(u):gu, 0<f<1,
note that ¢(-) is a convex function, then it is clear that there is only one positive solution

within [0, 1] to this equation; in particularly when 6 — 0, ¢* — 0; then, we have fo(L) <0
for p* < L <1.

. Rewrite (7.17) as

dr
5L — 604(L)

1 du B
/L Su — 60G(u) i

where ¢* < L <1, we define the function on left-hand side as

1 du
Qo,e(L) :-A m’

= —dr,

and integrate,

then,

QO,G(L) =T,
as L — 1 when 7 — 0, and L — ¢* when 7 — oo; the integrand is positive in the domain
u € (¢p*,1] and L > 0, Qo ¢(L) is a strictly decreasing function; therefore, Qg o(L) : (¢*, 1] —

[0,00) is a well defined function, and its inverse function Qaé(T) : [0, 00) — (¢*, 1] exists.

. The unique solution is found by

L(1) = Qg 4(7),

or,

A(t) = Qu (T —t).
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5. A(0) is obtained,

Then, ¢(T) is determined by

where, by the change of variable,

e N b [
A [1-(Qs(m)]dr = /Qaém bu— a6q(u) "
O

Alternatively, with the aid of the transformation, we can directly prove Theorem 7.2.7 from
Theorem 2.2.4.

Proof. Review the proof of Theorem 2.2.4, as given by (7.16), we have
E[0N7 | Mo] = e~ [A(0)]*,
where A(0) can be alternatively solved via the transformation. By definition (2.20), we have

L 1
Goo(L) = A T—GQ(u)du

L
1
A 1—ou—0q(1—ou) " (s w)

1 1
= ——ds.
[ﬂsL ds — 00q(s)

Define Qp ¢(L) by (7.15), then,

Qo,0(1 — du) = Gog(u).
Since
Q0.6 (1= 0G54(T)) = Go (Go4(T)) =T,
then,
Qoo(T) =1 —6Gy 4(T).

Hence, by transformation (7.7),
A(0) =1—6B(0) =1 —6Gy 4(T) = Qq 4(T),

and

(9™ plt = h(w)]
o) = A T— ou— 05w

1-Q. 4 (T)

_ / ; p[1 = p(1 — bu)]
0 1—o0u—0g(1 —du)

1795);@)
_ ¥ pll - p(1 — bu)
0 1—0u—0g(1 —du)

_ / Ly (O
Q(;,;(T) (58 — (59(_?(8) ’

du (s=1-—0u)

du
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A Discretised Dynamic Contagion Process

7.3 Some Special Cases of Discretised Dynamic Contagion Process

In this section, we discuss the distributional properties for the following three special cases of the

discretised dynamic contagion process:

Case p1 = 1: P1=LApktrez1 =05 qo = 1,{qx}rzo =0; (7.19)
Caseqi=q¢ pr=L{p}ex1=0; q@=1-¢q =q¢{qm}r=23,.. =0;0<q<1;(7.20)
Case qo = 1: g = 1,{aqr}rzo = 0. (7.21)

7.3.1 Casep; =1

The case p; = 1 (7.19) of discretised dynamic contagion process can be defined by

P {MHM — M, =1,Nyyn; — Ny = 0|Mt,Nt} = pAt+o(At),
P {MHN — M, =—1,Nyjnr — Ny = 1|Mt,Nt} = OM,At+ o(At),
P{My as—M; =0,Nppar — Ne=0[M;, Ny} = 1— (p+06M,)At+o(At),
P {Others|M;, N} = o(At);

with the generator

of

Af(m,n,t) = 5t

+ p(f(m +1,n,t) — f(m,n,t)) + 5m(f(m —1,n+1,t)— f(m,n,t)). (7.22)
We will apply this case and extensions to ruin problem in Chapter 8.

Corollary 7.3.1. Assume Ny =0, we have

— 675 0
E [077 oMMy = exp <—p ((1 — )T — (p— 9)16T)> (o= 0)eT + 6] o

If My ~ Poisson((), ¢ > 0, then,
E [0V 7] = exp (—(1 = 6)(pT + ) + (¢ = 0) [ 5 (1= ™) +¢e77] )

in particular, for ( = %,
B oV gr] = ¢TI0 500,

Proof. By Theorem 7.2.2, solve
A'(t) 480 — §A(t) = 0,

with boundary condition A(T") = ¢, and we have the solution
Alt) = (p = 0)e 2T 1,
then,
A(0) = (p—0)e T+,
1—e 97T
cr) = p(0-07- (-0 =5—).
Hence, we have

E [0VToMT | M) = e MD[A(0)) M
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7.3 Some Special Cases of Discretised Dynamic Contagion Process

If My ~ Poisson(¢), ¢ > 0, then,

1— 6—6T

E [QNTSOMT] = exp <_p ((1 — 0T — (o — 9)5)> E H(SO —0)e T + 9] MO]
exp (—p ((1 —0)T —(p— 9)1§§T>> exp (=¢ (10~ (p—0)e"))

= o (-(L=0)(T+0)+(p—0) 2 (1-eT) +¢7]).

Corollary 7.3.2. If My ~ Poisson(¢), ¢ > 0, then,
Mt ~ Poisson (g (1 - 6_5T) + C:e_‘ST) ;
in particular, the stationary distribution of My is given

{Mt}tzo ~ Poisson (g) .

Proof. By Theorem 7.2.4, we have

1 1-L
%a(t) = 5w (7=3);
QNI = 1-(1-g)
then,
Q;-ll(T) 1-— 0
s = o 7 A0 e
©

exp (fg <1 - 676T> (1- gp)) [1 -(1- ga)e*‘sT]
If My ~ Poisson(¢), ¢ > 0, then,

Elp"7] = E[E[""|Mo]]

M,

which is the probability generating function of a Poisson distribution with constant intensity . [

Corollary 7.3.3. Assume Ny =0, we have

E[QNT|MO] = exp (_g [5T — 14 676T] (1- 9)) [0 . 9)67”]

Mo

)

(7.23)
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A Discretised Dynamic Contagion Process

if My ~ Poisson(¢), ¢ > 0, then,

1— eféT

=0T .
NTwPombon(p(T—(S)—i—C(l—e >>,

in particular, if My ~ N ~ Poisson (%), then Nt is a p-Poisson process, i.e.
Np ~ Poisson(pT).

Proof. By Theorem 7.2.7, we have

Quu(T) = 0+ (1—0)e°T,

and

1 - 0
o] = e (- [, At o)™

e | e

if My ~ Poisson((), then,

] = el ]
= oxp (—g (0T —1+eT] (1- e)) E Hg +(1-0)e7] Mo]
= o (-5 [T -1+ a-0) e (<¢ (1= [+ (1 - 0)77]))

— oo (o (r- =D -] a-0),

in particular, if My ~ Poisson (%), then, E[gNT] = ¢~ T (1=0),

Corollary 7.3.4. If My ~ Poisson(¢), ¢ > 0, then Mt and Nt are independent.

Proof. Tf My ~ Poisson(¢), ¢ > 0, then, by Corollary 7.3.1, Corollary 7.3.2 and Corollary 7.5.3,

we have

E [0NTSOMT] = exp (—(1 — ) (pT +¢) + (p—0) [g (1 _ e—éT) + Ce—éT]) ’

My ~ Poisson (g <1 - 6*5T> + Ce—&T) 7
N- ~ Poi ( <T_1_€_6T> +C(1_ —5T))
T oisson | p 5 . -

Hence,
E [0t oM =E [@M7] B [0N7], Ve, 0 > 0.
O

More importantly, by assuming Ny = 0 and My ~ Poisson(¢), ¢ > 0, we prove that for the

case p1 = 1 (7.19), N; is a non-homogeneous Poisson process as follows.
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7.3 Some Special Cases of Discretised Dynamic Contagion Process

Lemma 7.3.1. For a constant 0 < 0 < 1, we have a F-martingale
A0 ),
where A(t) and c(t) are determined by the ODFEs

A +5(0—- A1) = 0, (7.24)
dt)+p(At)-1) = o0 (7.25)

Proof. Assume the exponential affine form
f(m,n,t) = [A®t)]0"e®),

and set Af(m,n,t) =0 in the generator (7.22) such that f(m,n,t) becomes a F-martingale, then,
for any m, we have

() + mi/((tt)) +p(A(t) — 1) + om (Aft) - 1) =0,

hence, the equations of A(t) and c(t),

A'(t) 0
A 0 (m N 1) =0
) +p(At)—1) = 0

Theorem 7.3.1. For any time ty > t1 > 0, if My, ~ Poisson(v), v > 0, then,

1 — e—0(ta—t1)
M,;, ~ Poisson (Ue‘s(tztl) + p66> ,

1 _ 7(5(t27t1)
N, — Ny,  ~ Poisson (U (1 - efé(trtl)) +p ((tz —t) — 66>) ,

and also they are independent.

Proof. Set the boundary condition A(ts) = ¢, 0 < ¢ < 1, in Lemma 7.3.1, the equations (7.24)
and (7.25) of A(¢) and ¢(t) can be solved explicitly, and we have

Al) = (p=0) =0 40,

_ o—dta—t)
i)~ clt) = p((1-0)(t2 - 1)~ (- ) ).

Since [A(t)]M:gNtec®) is a F-martingale, we have

E {[A(b)]MtzeNthc(tQ) ft1:| = [A(ty)] M "N ecltr)

and

B [ 0™V |0r, ] = A (47e0),
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A Discretised Dynamic Contagion Process

Then, the joint probability generating function of My, and Ny, — Ny, is given by
E [wMtQ aNth,,l]
= B[t
_ O[] o ()
e~ v(1=A(t1)) .~ (C(tz)%(tl))

= o (<[00 (-0 ] [0 1) - (- ).

Set § =1 and ¢ = 1, respectively, we have the marginal distributions of M;, and Ny, — N¢,,

1 _ —5(t2—t1)
E [(pMQ] = exp (—(1 — ) {Ue_‘s(tz_tl) + p%}) )

1— 6—5(t2—t1)
E [eNtQ_Ntl] = exp (_(1 _ 9) |:U <1 _ e—5(t2—t1)> +p ((t2 — tl) — 5)])(726)
Obviously, we also have
E [SOM,SZ 9N,52—Nt1] —-F [¢Mt2] E [eNtz—Ntl] )

Therefore, M, and Ny, — Ny, are Poisson distributed and also independent.
O

Corollary 7.3.5. If Ny = 0, My ~ Poisson(¢), then, M; and N, are independent and follow
Poisson distributions given by

4]

1 — e 0
N; ~ Poisson (C (1 — e_ét) +p (t — 5)) ,

Proof. Given the initial conditions Ny = 0 and My ~ Poisson(¢), ¢ > 0, we set t; = 0, any time
to=t>0and v=_C_>0in Theorem 7.3.1, and the results follow immediately.

1— —ot
M; ~ Poisson (Ce‘” + pe) ,

O

Corollary 7.3.6. If Ny = 0, My ~ Poisson((), then, N; is a non-homogeneous Poisson process
of rate p+ ((5 — p) e 0L,

Proof. For any time ty > t; > 0, by Corollary 7.3.5, we have

1—e %t
M;, ~ Poisson (Ce_ét1 + p(5> .

By Theorem 7.3.1, set
1— 67(%1

— —doty
v =_e +p 5

n (7.26), then,

E |:0Nt27Nt1i| = e ( [ C *5t2 _ 5t1) + ((t —t ) 4 65152_65751):|>
= exp P 2 1 s
= exp ( t2 (5 s 4 (1 — 6_65)] ds) ,

t1
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7.3 Some Special Cases of Discretised Dynamic Contagion Process

hence, the increments of N; follow a Poisson distribution,

_ ~ : t2 —ds _ ,—90s >
Ni, — Ny, Pmsson([l [Cde —|—p(1 e >]ds.

Based on Theorem 7.3.1 and Corollary 7.5.5, we observe that M, and N;, — Ny, are both Poisson
distributed and crucially independent. Because of the Markov property, all the future increments
after IV;, only depend on M;,, they are independent of Ny, — Ny, as well, i.e. for any random
variable X € o {N; : Ny — Ny,,s > ta}, we have

E (XN Vo] =

The increments of the point process N; follow a Poisson distribution and also they are inde-
pendent, therefore, N; is a non-homogeneous Poisson process of rate (de =% + p (1 — e*‘”).
O

Remark 7.3.1. In particular, if and only if ¢ = £, N; is a Poisson process with rate of p inde-

pendent from time ¢.

7.3.2 Caseq =q

Corollary 7.3.7. For the case g1 = q (7.20), the stationary distribution of My is given

{Mt}tzo ~ Poisson <5(17p_q)> .

Proof. By Theorem 7.2.6, we have

R Lp [1 - Z}jio ukpk]
N = exp|— = du
) P < i 52;@70 wFgr — du

= ex pll—u] d
- P 51—q+uq—u) b

— el 1 28

which is the probability generating function of a Poisson distribution with constant intensity =9

1 q)°
O
Corollary 7.3.8. For the case g1 = q (7.20), we have
1-6 1 — e~ (=00T 1\ [g(1 — g) + (1 — f)e~(1-0@sT Mo
E[0NT | M) = exp | -2 T- .
(e eXp( 51—9(1{6 1—10q D[ 1—0q } ’
(7.27)

if My ~ N ~ Poisson (5(1p_q)), then we have

1— 1-— 2
B[0"r] = exp (o7 (1~ 7=510) ) exp <_§1zq (1= 40) (- e_(l_WD - (128)
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Proof. Note that the stationarity condition holds as 1, = ¢ < 1. By Theorem 7.2.7, we have

1 1 1—6
L - | < 1
Qo.0(L) 51—9qn((1—9q)L—9(1—q))’ 0=0<1
. (1 — g) + (1= f)e~ (10077
1 _
QO,G(T) - 1 . 0q I
and
1 1-— u} Mo
E[oN7|M,] = - d d )]
[ | 0] P ( /Qaé(T) ou —d0(1 — q + uq) u) [QO’H( )]
_ _ —(1—0q)5T _ g\, —(1—8q)6T 7 Mo
— e pl-9¢ 5T71 e O(1—q)+ (1 —0)e ,
61—146 1—6q 1—46q
then,
E[@NT] = E [IE [eNT |M0]
Mo
p1—0 1 — e~ (1=00)0T 0(1 —q) + (1 — §)e” (10007
= -£ rT—-—— | |E
eXp( 51—0q{5 1—0q 1—0q

1—-¢q )) P _4q ( l—gq )2 —(1-0¢)8T
= exp( ol (1 1 eqe exp( 51—q 1 1 9q9 (1 e ) .
O

Remark 7.3.2. The first term of E[¢™V7] of (7.28) is the probability generating function of a com-
pound Poisson distribution Ny with point Ny ~ Poisson(pT’) and underlying X; ~ Geometric(1—q)
where

. i . 1-
P{Xlz.]}:qj 1(1_Q)7 .]:1a257 ]E[eXl]: 1_9qq95

the second term is the the probability generating function of a proper random variable O. Hence,
Nr = Ny + O, and Ny is stochastically larger than Ny, i.e.

Np = Ni.

Note that, if T — oo, then E[@NT|M0] — 0 and IE[GNT] — 0. As we have explicit formulas

of E[GNT |M0] and E[GNT] for the case above, we can easily expand them by MatLab to obtain
P{Np =n} for any n =0,1,2,....

7.3.3 Caseqy=1

The case qo = 1 (7.21) is an important case which matches to the Cox process with shot noise
intensity (a special case of dynamic contagion process) by the transformation. It can be defined
by

P {Mt+At — M, =k,Nyynr — Ny = O|Mt,Nt} = ppeAt+o(At), k=1,2..,
P{Myine— My = =1, Npynr — Ny = 1|My, Ni} - = 0M;At + o(At),
P{Miyar— My =0,Npear — Ne = 0|My, Ny} = 1= (p(1—po) + 0M; ) At + o(At),
P {Others|M;, N} = o(At),
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with the generator

Af(m,n,t) = %: +p (Z fm+k,n,t)pr — f(m,mt)) +5m(f(m— 1,n+1,t) — f(m,mt)).
k=0

(7.29)

Corollary 7.3.9. For the case qo =1 (7.21), if {pk}x=0,1,2,... ~ Geometric(p), then, the stationary
distribution of M, is given

{a},., ~ NegBin (g 1 —p') .

Proof. Since

by Theorem 7.2.6, we have

3 te [1 - 17(111 ')u] P
R(p) = exp —/ — P du | = (7)
) ¢ 0 —ou 1—(1-pe

S

which is the probability generating function of a negative binomial distribution with parameters £
and 1 — p. O

Alternatively, we can use the direct distributional transformation between M; and \; from
Corollary 7.2.4.

Proof. By Theorem 2.3.1, for the shot noise case with externally excited jump sizes Y1) ~ Exp(a),
we have

{At}i>0 ~ Gamma (%a) ,

and

then, by the transformation (7.14), we have

oy — 1 (120 o N\ (1w
R :r[(i): - — (  aotl
(¥) 0 <O‘+1_5¢> <1_ a61+1“p

£

L)

o) vt
"\ -pe) 0 P sar1

O
Corollary 7.3.10. For the case qo =1 (7.21), if {pk}k=0.1,2,.. ~ Geometric(p), then,
E[oN7 M) = =702 ( pr )_Jﬁ(e) (1= 0)e=T + 0] Mo
o] = ) o ’
where .
br = p )
T g
if Mo ~ X ~ NegBin (4,1 —p), then,
5 5(1-p(0))
E[gVr] — ¢—T(-5(0)) ( pT;/i) _ 7.30
[ ] 1—(1—prb) (7:30)
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Proof. By Theorem 7.2.7, we have

1 1-06
= = <
Qo.s(L) 51n(L_9), 0<6<1
Qus(T) = (1—0)e " 49,
since .
. p
u) = N0
p(u) T
we have
o[- =) y
Nz . PL T~ T=0—pul 1 (] Mo
]E[H |M0] = exp —/G(T) 7 du [Qoﬁ(T)]

) —55(0)
_ e T-5(0) b [(1—6)e 4]
1= (1=p)[(1=0)e=T + 6]

; ~£5(60)
= ¢ PT(-p(0) 1*(1*1‘5)9;:7" [(1 _ 9)675T + 9] MO.
1= (1= e )
If My ~ X ~ NegBin (g, 1- ;é), then we have
E[o"] = E[E[0N|Mo]]
—5p(0)
7— M,
= 7PT(1 p(o (1— p)e ,5T E |:|:(1 _ 9)6751-‘ + 0] 0:|
i)
—%p(9) ) 2
— e PT(A=5(0) —(1— p)p—éT ( y )
*1 (1- p)e 6T0> 1*(1* )[(179) 75T+0]
5(1-p(0))
— o PT(1-p(8) W

1= (1 - =rerf)
O

Remark 7.3.3. The first term of of E[¢™V7] of (7.30) is the probability generating function of a com-
pound Poisson distribution Ny with point Ny ~ Poisson (pT) and underlying X5 ~ Geometric (p)
where .

p .
1-(1-p)o’

the second term of (7.30) is the probability generating function of a proper random variable 0.

P{X2 = ]} = (1 7]5)]}57 ] = Oa 1527 ] E[GXQ] =

Hence, we have Nr = Ny 4 O, and Ny is stochastically larger than No, i.e.
Np = Ns.

Note that,

lim pp =p

Tgréo br =Dp,
for a large T', we have

L(1_%
E[0NT] ~ e*PT(lfﬁ(O))[A(o)]f(l p(0))
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Applications to Insurance: Ruin

by Delayed Claims

In this chapter, we apply a special case (when p; = 1 and some generalisation) of discretised
dynamic contagion process introduced by Chapter 7 to ruin theory, by introducing a simple risk
model with delayed claims, an extension of the classical Poisson model. The arrival of claims is
assumed to be a Poisson process, claims follow a light-tailed distribution and each loss payment
of the claims will be settled with a random period of delay. We obtain asymptotic expressions for
the ruin probability by exploiting a connection to Poisson models that are not time-homogeneous.
A finer asymptotic formula is obtained for the special case of exponentially delayed claims and an
exact formula when the claims are also exponentially distributed.

8.1 Introduction

In a variety of real situations, claims could have already occurred but have not been settled or
reported immediately. Many factors may lead to the delay of the actual loss payment of the claims.
For instance, the acronyms, such as IBNR (Incurred But Not Reported) and IBNR (Reported But
Not Settled) are typically used to classify the delayed claims by different reasonings.

In the literature, the issues of ruin problem involving delayed claim settlement have been
studied. Waters and Papatriandafylou (1985) and Trufin, Albrecher and Denuit (2011) considered
a discrete-time model for a risk process allowing claims being delayed. Boogaert and Haezendonck
(1989) discussed a liability process with settling delay in the framework of economical environment.
Yuen, Guo and Ng (2005) introduced a continuous-time model with one claim settled immediately
and the other claim (named ‘by-claim’) settled with delay for the each time of claim occurrences.
Delaying claims were also modelled by a Poisson shot noise process, see Kliippelberg and Mikosch
(1995) and Brémaud (2000), or by a shot noise Cox process, see also Macci and Torrisi (2004) and
Albrecher and Asmussen (2006).

This chapter introduces a simple delayed-claim model. We assume claims arrive as a Poisson
process, claims follow a light-tailed distribution, i.e. the distribution of claims has moment gener-
ating function, and each of the claims will be settled in a randomly delayed period of time. The

loss of each claim payment only occurs at the settlement time, rather than at the arrival time. In
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particular, we consider the special case of exponential delay where the ultimate ruin probability
and asymptotics can be exactly obtained by a power series, and this is also a simplified version of
the model by Yuen, Guo and Ng (2005) without the immediate settled claims.

This chapter is organised as follows. Section 8.2 introduces our model setting of the delayed-
claim risk process and the underlying processes of claim arrival, delay and settlement. Section 8.3
derives an asymptotic formula for the ruin probability for the general case of delay, and in par-
ticular, exploit a well known connection to the non-homogeneous Poisson models. For the special
case of exponential delay, the Laplace transform of non-ruin probability and a finer asymptotic
expansion for the ruin probability are obtained in Section 8.4. Section 8.5 derives an exact formula
of ruin probability by assuming the claims are exponentially delayed and sizes are exponentially
distributed.

8.2 Risk Process

Consider a surplus process {X;};>¢ in continuous time on a probability space (2, F, P),

N
Xt:x—l—ct—X:Zi7 t>0,

i=1
where
e r = Xy > 0 is the initial reserve at time ¢t = 0;
e ¢ > 0 is the constant rate of premium payment per time unit;

e N, is the number of cumulative settled claims within the time interval [0,¢] and assume
N() = 07

o {Z;}i=1.2,.. is asequence of independent and identically distributed positive random variables
(claims sizes), independent of Ny, following a light-tailed distribution with the cumulative

distribution function Z(z),z > 0, i.e.
o0
Z(w) = / e "*dZ(z) < oo, for some w < 0;
0
the mean and tail of Z are denoted respectively by

e = [ 26). 2@ = [ az(o).

Assume the arrival of claims follows a Poisson process of rate p, and each of the claims will be
settled with a random delay. Loss only occurs when claims are being settled. M; is denoted as
the number of cumulative unsettled claims within the time interval [0,¢] and assume the initial
number M, = 0. {Tk}kzl,Q,“.’ {Lk}k=1,2,... and {Tk + Lk}k:l , are denoted as the (random)

340

times of claim arrival, delayed period and settlement, respectively, and hence,

M, = Z(H{Tkgt}—H{Tk‘i‘Lkgt})a

k
Ny = > I{Ti+ Li <t}.
k
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The Joint Point Process of Cumulative Settled and Unsettled Claims (Nt‘ Mt)

T, Number of Cumulative Settled Claims Nl ’
5n X Claim Settlement Time T+L

4

2 :

1r l—‘

Number of Cumulative Unsettled Claims Mt

L] Claim Arrival Time T
X Claim Settlement Time T+L
0 ok Py PY PY Py Py

Time t

Fig. 8.1: A Sample Path of the Joint Point Processes of Cumulative Settled and Unsettled Claims
(N, My)

{Lk}kﬂ , are independent and identically distributed non-negative random variables with the
cumulative distribution function L. A sample path of the joint point processes of the cumulative
settled and unsettled claims (N, M) is given by Figure 8.1.

The ruin (stopping) time after time ¢ > 0 is defined by

. inf{s:s>t X, <0},
T, =
inf {@} = o0, if Xs > 0 for all ¢;

in particular, 7 = oo means ruin does not occur. We are interested in the ultimate ruin probability

at time ¢, i.e.
P(z,t) = P {Tt* < oo| Xy = x}, (8.1)

or, the ultimate non-ruin probability at time ¢, i.e.
oz, t) =1 1 — P(x,t). (8.2)

Note that, ¥ (z,t) defined by (8.1) is the ultimate ruin probability at the general time ¢ > 0,

rather than the conventionally defined ruin probability of finite-horizon time ¢.

8.3 Ruin with Randomly Delayed Claims

8.3.1 Preliminaries

The net profit condition remains the same as the classical Poisson model, i.e. ¢ > pui,, since,

obviously,

P
L(s)d

lim 7f0 (s)ds =0,

t—o0
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and sequence {Z;};=1,2,.. and point process INV; are independent,

yens

E[X t— 1, E[N z+ct—p,p(t— [y L(s)ds
i B gy 2R BN ot o It >:c—pmz>0.

t—o00o t t—o0 t t—oo t

Lemma 8.3.1. Assume ¢ > puy1, and L ~ Exp(d), we have a series of modified Lundberg funda-

mental equations

cw—pl[l=2w)]-68=0, j=0,1,.; (8.3)
e for j =0, (8.3) has solution zero and a unique negative solution (denoted by WO+ =0 and
Wy <0);
o for j =1,2,..., (8.3) has unique positive and negative solutions (denoted by Wj+ > 0 and
W, <0).
Proof. Rewrite (8.3) as
2(w) = lj(w), (8.4)
where
c . )
Li(w) = ——w+ (1 + *j) , Jj=0,1,...
P p
Note that,
dz(w) L di;(w) _c
dw w=0 - e dw w=0 a P,
by the net profit condition ¢ > pu,, we have
dz(w) dl;(w)
dw |,_, ow |0

In particular, for j = 0, we have ly(0) = 2(0) = 1. Then, further by the convexity of 2(w) and the
linearity of [;(w), the uniqueness of the positive and negative solutions to (8.3) follows immediately.
It is more obvious by plotting (8.4) in Figure 8.2.

O

Denote the (modified) adjustment coefficients by

Rj=-W;, j=0,1,..,

note that,
0<R0<Rl<R2<...<ROO,

where Ry =: inf {R 2(—R) = oo}.

If Z ~ Exp(7), then, we have a series of the modified Lundberg fundamental equations
cw? + (ey —p—8j)w =105 =0, j=0,1,..,

with explicit solutions

o (8= /(o +8j—er)? +derdj
Wj — , 3=0,1,..,
2c
and
Ry = lim R; =7.
j—o0
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Lundberg Fundamental Equations

A

\J

Fig. 8.2: Lundberg Fundamental Equations

8.3.2 Asymptotics of Ruin Probability

By Mirasol (1963), we know that, a delayed (or displaced) Poisson process is still a (non-homogeneous)
Poisson process, which is also a special case of discretised dynamic contagion process introduced
by Dassios and Zhao (2012), see also Newell (1966), Lawrance and Lewis (1975) and Dassios and
Zhao (2011). According to the model setting in Section 8.2, the settlement process N; hence is a
non-homogeneous Poisson process with rate pL(t), and we can obtain the asymptotics of the ruin
probability as below.

Theorem 8.3.1. Assume ¢ > pu1, and the first, second moments of L exist, we have the asymp-

totics of ruin probability

 o—CRo too L(s)ds C— Py, —Rox —Roz
vt ~e I PfoOo zefozdZ(z2) — e’ S to (e ’ ) . 00

where L(t) =: 1 — L(t).

Proof. By Markov property, the integro-differential equation of the ruin probability v (z, t) defined
by (8.1) is given by

op(z,t) op(z,t)
or T on

+ pL(1) (f W — 2,0)dZ(2) + Z(x) - w(m)) 0.

By the Laplace transform

Dlw, t) =t Lo {w(,t)} = AOO (1)

we have

Op(w, t)

o +e (wqﬁ(w,t) _ 1/,(0,15)) — pL(t) ([1 — 2(w)] zﬁ(w,t) - 1_Tz(w)) =0,
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or,

% — e (0,1) + (cw — pL(t) [1 — 5(w)] )1/3(107 t) + pL(t)

Note that, the special case of t — oo corresponds to the classical Poisson case as L(t) — 1, i.e.

c% +p (Azw(x —2,00)dZ(2) + Z(z) — 1/)(m,00)> =0,

L= 2w) (8.5)

and it is well known that the Laplace transform of the solution ¥ (x,c0) is given by

. 1—2(w)
’(/AJ(’LU7 OO) = ’ <lulz N )

cw—p[l - 2(w)]

Define 15w
~ .p</‘l‘12 w ) pf —2(w)]L(s)ds

TR )

+ k(w, t), (8.6)
where k(w, t) is the Laplace transform of a function k(z,t) and satisfies

lim k(w,t) = 0. (8.7)

t—o0

Plug (8.6) into (8.5), then, we have the ODE of k(w, t),

8k‘(a”ut),t) +c (wlzr(w,t) — 1/)(0,15)) — pL(t) ({1 ~ 3(w)] E(w,t) B %ﬁ(@)

1-2 “1—2(w)]L(s)ds
+p (le_ uzj(w))epft IR <o,

or,

ak(aut),t) + <cw —p[1 = 2(w)] + pL(t) [1 — 2(w)] )/Ae(w,t)

= c(vo.)-2) +)p (1_Tz(w) _ mz) (en S5 T pz(t)1_Tz(@

(s)[1—2(w)]ds

By multiplying (multiplier factor) e(¢®= plI=2(w)])t 7pfoc , we have

9 (0 DN
(cw—p[l—2(w)])t pft L(s)[1—2(w)]ds
5 (k(w,t)e e )

- [c (w(o,t) . p"%) +p (1 _5(1‘0 N ulz) (epff[l—s(wnf(s)ds B 1) NTE —j(w)}

 plew—pll=2(w)])t ;=P L7 L) 1—2(w))ds

)

with the boundary condition (8.7), and then the solution

k(w,t) (8.8)
= e*(cwfp[lfé(w)])tepj;w L(s)[1—2(w)]ds /Oo e(cwfp[lfé(w)])se—pfjoZ(u)[l—%(w)]du

t
- o,y (1=2w) ) p [F-z)Twdu _ () _ 7y 1= 5(1”)}
X [ c (7,[1(0, s) - ) o (711) 11, (e ; 1) pL(s) " ds.
Obviously, from Figure 8.2, for —Ry < w < 0, we have lp(w) > 2(w), i.e.
cw—p[l—2w)] <0, —Ry<w<0.

Now, we discuss the three terms of I%(w, t) given by (8.8), respectively.
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1. It is well known that (see Gerber (1979) and Grandel (1991)), in the classical model when

the claim settlement follows a Poisson process with a constant rate A, the ruin probability

with the initial reserve x = 0 is simply /“cz A, whereas 1(0,t) here in the first term of (8.8)
is based on the realisation of the rate {pL(s)},< <., Also, the cumulative function L(s) is
an increasing function of s, then, the ruin probability (0, ¢) should be greater than the case

A = pL(t) and smaller than the case A = pL(co) = p of the classical model, i.e.

B2pL() < w(0,1) < B2,

or,

p,ulz

0< —(0,8) < ”“%Z(t).

If the first moment of L exists, then, we have

/ ‘w(O,s) ~ Pzl gs < &/ L(s)ds < Pz / L(s)ds < oo.
t t 0

C C C

2. For the second term of (8.8), if the second moment of L exists, then,

/oo —pfm[l—é(w)]f(u)du (epfgoo[l—i(w)]f(u)du - 1) ds
_ / 1 _ [T z(w)]L(u)du) ds

< / / [ — 2(w)] T(u)duds
p[l / / u)duds < 0.

3. For the third term of (8.8), if the first moment of L exists, then,

ﬂoo pf(s)l_Té(w)ds = pl_ii(w) loc L(s)ds < pl_Té(w) Aoo L(s)ds < <.

w

<

Therefore, for —Ry < w < 0, we have

kE(w,t) < oo,

and -
k(=Ro,t) = lim k(w,t) = / ek (2, t)dx < oo,
0

’u}lfRo
hence,
k(z,t) =0 (e_R‘””) .
By the Final Value Theorem and @Z(w,t) given by (8.6), we have
lim ef%y(x,t)
TrT—00

. : R(){L’
= 1})1510 why, {e P(z, t)}
= limO wip(w — Ry, t)

= _ p (11, — A2t
_ e, [1—2(—Ro)]L(s)ds li Z w—Ro i ]Ai‘ _Ro.t
o B = o) — 1 — 2w Ro)] T ay WM T Fool)
_ pftoc[lfé(ng)]Z(s)ds C— Py, 0

‘ pf zefozdZ(z) — +
_ e—cRo ftoo L(s)ds — PHig

P oS zeRoZdZ) c
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Note that, by definition, —Ry is the solution to cw — p[1 — 2(w)] = 0, and we have

1= 3(—Rp) = — 0,

8.4 Ruin with Exponentially Delayed Claims

By specifying the distribution of the period of delay L, we could improve the result in Theorem
8.3.1 with higher order of asymptotics. Here, for instance, we consider the special case when the

claims are exponentially delayed, in order to derive o (e*R”) with more details.

8.4.1 Laplace Transform of Non-ruin Probability

We derive the the Laplace transform of non-ruin probability in two different expressions as given
by Theorem 8.4.1 and Theorem 8.4.2, respectively, and then, they will be used to derive the

asymptotics of ruin probability.

Theorem 8.4.1. Assume ¢ > ppy, and L ~ Exp(d), we have the Laplace transform of non-ruin

probability
o0 J [92(w)}—*
S, 1) = P 1=2w)] it VRS e "G (8.9)
’ w—pll—2w)] " aw—pll—2w)] —6j |

where 9 = &,

i
-1 ﬁé(WZ—)
ro=1- gulz, re=-3 [M—Z)]'T =12, .. (8.10)
i=0 :

Proof. If L ~ Exp(6), then, L(t) = 1 — e~%, and N; is a non-homogeneous Poisson process with
rate p—0¥5e %, and the non-ruin probability ¢(x,t) defined by (8.2) satisfies the integro-differential

equation

‘%"g’ b, ca‘bé? 2 (p —vde~") (A oz — 2,t)dZ(2) — ¢(x, t)> =0.

By the Laplace transform

d(w, 1) = Lo{o(@,t)} = Am e (x, t)da, (8.11)

we have

I (w, t)

5 e (wé(w,t) — 6(0, 1)) — (p— ¥e~*") [1 = 2(w)] (w, ) = 0. (8.12)

Define t
h(w, t) = $(w, ) exp ( A 5005 [1 — 5(w) ds) ,

where ﬁ(w, t) is the Laplace transform of a function h(z,t), then,

d(w, t) = hw, t)e (1= ") L2, (8.13)
Plug (8.13) into (8.12), we have

8hg;;,t) e (wﬁ(w’t) 3 ¢(0’t)eﬂ(l_efst)[l_e(wn) —p[1 = 2(w)] h(w,t) = 0. (8.14)
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Note that, by (8.13), we have

é(’LU,t) = il(U),t)eiﬁ(lfe_&)eﬁ(lfe—éf)g(w)
s s (9(1—e-t))"
= hlw,1) o(1=e) <1 Jrkz::l ( ( o )) Zk(w)>
_9(1—e—5t ~ 0 (19 (1 _ e*tst))k A
= € 19( ) <h(w,t) + ; 7l h(’w,t)zk(w) ,

which is the Laplace transform of

@6 =0 (@) + Y pl-e)) “h(e - 2,0z ()
(bl?, =€ x, kz::l Kl A €T z, z s

where Z(®) is the k—fold convolution of the distribution Z, i.e.

then, we have
6(0,1) = h(0,t)e?(1=¢™"). (8.15)

Plug (8.15) into (8.14), we have

Oh(w, 1)
ot

+ (Cw —p[1—Z(w)] )ﬁ(w, t) — ce 2@ (0, t)e?e " Ew) =
This equation of iL(w, t) has a power series solution
= e h;(w)

=0

the Laplace transform of

=3 eh,)
j=0

Since
8h(8’ut),t) _ _6Zje—j5tilj(w)
h(()?t)eﬁei&i(w) _ i —jéthj(o) X f: M
2, L
oo 00 2 k
_ ZZ —G+Rt (0 [ﬁzgf)] (j+k=1)
§=0 k=0
o - —idt 7)}2_]
- ;) Z I
we have
o0 o
Zefjét [(_dj.kmﬂ—p[l—é(ﬂ))])ilj(w 7192(10)2}1@ )]) :Oy
=0
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then, for any j =0,1,...,

- Y o) S (o 2@ _
<75j+cwfp[1 fz(w)])h](w) — ce” A );hg(O)W =0,
and hence,
~ Ce_ﬂé(w) J Z(w Jj—4
hj(w) = —— P T th(O)w, j=0,1,.. (8.16)

£=0
Note that, the denominator of (8.16) is the modified Lundberg fundamental equation given by
Lemma 8.3.1.
By (8.13), we have

oo
Qg(wﬂj) = 6779(175—5‘)[175(70)] <ﬁ0(w) =+ Z Cijétilj (U))) . (817)
j=1
Note that, if ¢ — 00, it recovers the classical Poisson model. By (8.17), we have
d(w,00) = e BEWIh(w), (8.18)
S(w,0) = Y hy(w). (8.19)
j=0

The series of constants {h¢(0)}¢=0,1,... in (8.16) can be obtained as follows.

For case j = 0, by (8.16), we have

~ Cefﬁf(w)
ho(w) =

cw—pli— 2w

By (8.15) and (8.18), we have

$(0,00) = h(0,00)e”? = ho(0)e~?,

. _ Cofi—zy _ e ho(0)  c¢(0,00)

pleg) = e " ow—pll— 2] ew—pll— 3]
Since

lim o(x,00) = liLnO wo(w,00) =1,

e lim w c$(0, 00) _ c(0, 00) _ c(0, 00) _1

w—=0 cw—p[l—2w)] limy_g % (cw—p[l —2w)]) c—ppiy, ’
we have

_ C— PH14
o(0,1) = =2z,
0
ho(0) = S5 — Pz (C;p‘”z)7 (8.20)
and
blw,t) = — Pz

cw —p[l—2(w)]
which is exactly the Laplace transform of ultimate non-ruin probability of the classical Poisson
model. Hence, we have

3 _ s €T P 8.21
olw)=e cw—p[l — 2(w) (821
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For case j = 1,2, ..., since ﬁj (w) of (8.16) exists at w = Wf7 we have

. i) i) _
lim <ce OA( );_%}M(O)(jf)!> =0, j=12,..

w— W;’

or

9z
i | ZJMZ 2] he(0) =0, j=1,2,...

£=0

Given the initial value ho(0) by (8.20), obviously, the series of constants {h;(0)},=12.. can be

solved uniquely and explicitly by recursion. Define the solution by
rj =: e "h;(0),
with the initial value ro =1 — £y, ,, and we have

h cct ) i 1,2 8.22
J(w)_cw—p[l—z _5325 ]_£ I .]_ 9 Sy oty ( )

where

Therefore, by (8.17), we have the Laplace transform of non-ruin probability

2(w [92(w J—t
ce?l1==(w)] Ze o’ (;7)2])1

cw—p[l - 2(w)] - 5

. st . D[1—2(w)] (C _
) — —0(1—e™ ") [1—2(w)] [ € PMlz —jot
ow,t) =e cw—p[l—2(w +Z

Remark 8.4.1. In particular, for ¢ = 0, we have

oo j [92(w)])’~*

2 _o[1—5(w)] C— ppiy (=0 "t =0y .
¢l 0) =e o pll— )] T 2w ol Ew)] 5] )

and, for t = oo,

)  c—puy,
P = el 2]’

which recovers the result of the classic Poisson model.

Remark 8.4.2. (8.10) offers a numerically tractable formula for calculating the coefficients {r;};=01,....

For instance, if Z ~ Exp(y) with parameter setting (c, d, p,v) = (1.5,2.0,0.5,1.0), then, we have
ro = 0.6667, r1 = —0.0657, o = 0.0028, r3 = —7.2560 x 1075,....

Alternatively, the Laplace transform of non-ruin probability can also be expressed by another

power series as below.
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Theorem 8.4.2. Assume ¢ > pu1, and L ~ Exp(d), we have the Laplace transform of the non-

ruin probability
oo

q@(w, t) = Z eijétqgj (w),

Jj=0

where {qgj (w)}jio . follow the recurrence

.....

[1 = 200,)] 51 (W) = [1 = 2(w)] 51 (w)
cw = P[l—Z(w)]—éj
C(l_gﬂlz)

Po(w) = —— =) (8.24)

pj(w) = p L =12, .., (8.23)

Proof. Rewrite (8.12) as

8(5(10, t)
ot

This equation has a power series solution

bw, t) = ie‘j&q%(w)
j=0

the Laplace transform of the non-ruin probability

e (ww,t) - 6(0.0)) — p[1 — 2(w)] b(w, 1) + p[1 ~ 2w)] e~ Bluw, 1) = 0.

dla,t) = e, (@).
§=0
Note that, by setting gi;,l(w) =0, we have
8&(107 t) - . 58t ]
)~ 5 o
e MP(w,t) = Z =G+ (4 Z e g a(w) =" e 4 (w),
j=1 7=0
then,
—52]‘67]‘5%) —|—c(w2€ J5t¢J Ze j5t¢ )—pl—z Zeijétqﬁj

r =

]_ — Z Z € J5t¢] 1
or,

oo

S e = 855 ) + ¢ (wds (w) = 65(0)) = p[1 = 2w)] 65(w) + p[1 = 2(w)] d5-1(w)| =0,

j=0
and then, for any 7 =0, 1, ...,
—3765(w) + ¢ (wd; () — 6;(0)) — p[1 = 2(w)] G;(w) + p [1 — (w)] §;-1 (w) = 0.

Hence, we have

o cgy(0) —plt— 2w)] s (w)
) = T = A (w)] - )
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For the initial case j = 0, note that qALl(w) =0, we have

~ - C¢0(0)
T = )}

By the boundary condition

we have
A 0 0
lim weg(w) = 1 c¢2£2)(w) = c6o(0) =1
w—0 w—0 o P - C— PpU1,
then,

d)o(O) =1- g:ulz’

and ¢o(w) as given by (8.24). Since ¢;(w) exists at w = Wj+ for any j = 1,2, ..., we have

lim(e6;(0) = p[1 = 2(w)] 451 (w)) =0,

w—»VVj+

and

0,0) = Z[1=2(WH)] 6,1 (W), j =120

Hence, we have the recurrence relation between ¢;(w) and ¢;_1(w) as given by (8.23).

O

Remark 8.4.3. Theorem 8.4.1 will be used to derive a general asymptotic formula (given by

Theorem 8.4.3), whereas Theorem 8.4.2 is more useful for obtaining an exact expression in the

case of exponentially distributed claim sizes (given by Theorem 8.5.1).

8.4.2 Asymptotics of Ruin Probability

Theorem 8.4.3. Assume ¢ > puy1, and L ~ Exp(d), we have the asymptotics of the ruin proba-

bility
o0
B~ S k(e ", 2o o,
§=0

where

_cRg 9,5t c— ppa
t —. 5 ve z
Ko(t) € pf zeRozdZ(z) —
=St _2(_R. i N i—¢
cede tI1-2(—Ry) 2]:7"@ [93(—R;))?
p oS zefirdZ(z) — ¢ & G—-0! 7

ki(t) =: e 10t

Proof. Denote

then,

(8.25)

(8.26)

(8.27)
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where every term qgj (w, t) is specified by (8.9), i.e

n - 9e O 1—2(w)] C— Py
Polnt) = e cw—plt— 5]

N 21
éj(w,t) —. eV -z (w)] bt £=0"  (j-0)!

Now, we discuss the asymptotics of the terms ¢o(x,t) and {¢;(z,t)},_, ,

For ¢¢(x,t), we have the asymptotics
1—po(x,t) ~ Ko(t)e Ho% 2 — oo,

since by Final Value Theorem,

ko(t) = rll—>n<>10 eR"m(l - (bo(x,t))
= J;iino why, {eR"‘”(l - ¢0(m,t))}
= iiglow(w_RO fggo(w—RO,t))

= - limO wq?)o(w - Ro, t)

de t[1—2(w—Ro)] (

cw—p[l—2(w)] - 05’

c— pi1y)

= —limw

w—0 c(w— Rg) — p[l — 2(w — Ro)]

eﬁe—&[l—%(—Ro)] (c— plllz)

j=1,2,..

d%(c(w —Ro) —p[l - 2(w— RO)])

_cRg Ye 5t

e v (c=pm,)
pfo zefozdZ(z) —

For ¢;(z,t), j =1,2,..., we have the asymptotics
—¢(x,t) ~ rj(t)e Tz — oo,
since, by Final Value Theorem,
Ri(t) = lim ef7(=g;(x,1))
= ggnowﬁw{eW—@(w,t))}
=~ lim wg;(w — R, 1)

9e M 1—2(w—R,; )] —jot

= —Eino<wc<w_z~zj>— - 2(w- R)]_(;JZe

ﬂe’st[l—z(—Rj)]e—j(;t J

w=0

92(w — Ry~

(j -

respectively.

ce - Z
= — T‘f

& (cw = Ry) = plt - 2w - B)] - 55)

ce?e =2l e=iot T [ps(—R;)P

pfo zefizdZ(z) — ZZ(:) (j—0)!

Therefore,

¢($7t) =1- ¢($,t) =1- ¢0($,t) + Z —qﬁj(x,t),

j=1

(8.28)

(8.29)
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8.4 Ruin with Exponentially Delayed Claims

the result of asymptotics (8.25) follows immediately.
O

Remark 8.4.4. Set L(t) =1 — 5 % and ¢t = 0 in Theorem 8.5.1, then, [;° L(s)ds = £ and it
recovers ko (t)e” 0% the ﬁrst—order asymptotics of the ruin probability obtained by Theorem 8.4.3.
The higher orders of asymptotics depend on the distributional property of the general distribution
function L.

Remark 8.4.5. We can rewrite ¢o(w,t) of (8.28) by

do(w,t) = et 2wy 1 P -
_5t _s(w ]_ i i 1_211) g
T UL St (A) po =1 Pz
w 1w c

The third term of (Z)O(w, t) above is the Laplace transform of a compound geometric distribution
0 . .
> po (1= po)' dy (x),
i=0

where d(()i) (z) is the i—fold convolution of a proper density function

Z(z)
do(z) =:
O( ) H1g
since 0 < pp < 1 and
1—2(w)
Ly{do(x)} = ———=
@@y = ==
o0 . 1—2(w) 1
do(x)dx = Ly {do(z = lim ———= = , =1
| o) (@} = i =

For, j = 1,2, ..., we can also rewrite QASJ- (w,t) of (8.29) by

¢j(w7t)
_ w— W cete” " =Fwlst I\ [93(u)
N —p[l—2(w)] =6j — (W —p|l—2WH)| —dj w— Wi 2 (=0

cw— p[L— 2(w)] — &) — (W;" — p [1 = 2(W}")] - 65) j =0

w— W ce?e " l=Fwlemiot I\ [93(uw)P

= + S (T + 5 w— Wi " (G -0

cw— W) —p [2W;) = 2(w)] f = -0

01— 5(w)] e—Jot J J ¢

_ pj ie
L Wi EWH—Ew p w— W, Z O
= ( _pj)1—2(w.+) w—WT

oo ‘ wt o AW — 2(w)\ " Be Ot [1—2(w)] ,—jb6t I S(0 NI
_ ij(l z( J ( j ) ( )> Le € [02(w)]
=0

Xi i —
1—2(Wf)  w-Wwf P; w—W; ;}” (j—0! "’

0] 5 i(w, t) above is the Laplace transform of a compound geometric

where p; =

distribution

> i (1—py) d (),

=0
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where dg-i) (z) is the i—fold convolution of a proper density function

Wit + o0 +
. J N W'z
dj(2) = T Q(Wj)e i A e Wirdz(z),
since U
0 ‘_1_B17’Z(Wj)_ éj dj 1
<pj = c wt - wt - s + - <5
j Wi p[1—2(WH)] + 6
and

Lo {d;(2)}

AOC d;(z)dx

Wit AW — 2(w)

J J

1— (W) w-Ww
_ Wi AW - 2(w) _,
1-2(W)  w-W' |,

Note that, for a constant v, we have

Lo {eux AOO e*uzdz(z)} _ ) = Ew)

w—v

which is a special case of the double Dickson-Hipp operator introduced by Dickson and Hipp (2001).

8.5 Ruin with Exponentially Delayed Claims and Exponentially Distributed Sizes

The asymptotic formula of (8.25) becomes exact if the claim sizes follow an exponential distribution.

Theorem 8.5.1. Assume ¢ > pu1,, L ~ Exp(d) and Z follows an exponential distribution, we

have the ruin probability

(8.30)

Wi, t) = wi(t)e "
§=0

Proof. By Theorem 8.4.2, if Z ~ Exp(7), then, for j = 0, we have

~ C_E fy.’-w

:(1-%)m.

For j =1,2,..., we have
Wt w2
1 (W) = S¥5 651 (w)

(bj (w) -7 cw — p’yiw - 6]

7-%% éj_l(wj_)('y +w) — wéj—l(w)

c(w+ Rj)(w — W]-Jr)

wit oo .
Wqﬁj—l(WJ*)(v + W+ w—-W) —we;1(w)
c(w+ Rj)(w — W)

W11 (W) = wdyoa () + =y (W) ) w = W)

- c(w + R;)(w — W)
Wi g (Wh—wd_a(w) | WS
S (W)
= F c(w+ Rj)
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In particular, for j = 1, we observe

Wt do (W) —wdo(w wt s
) 1 4)0(111_1‘/2/Jr ¢0( ) _|_ ’Y+Vlv+ ¢0(W1+)
pr(w) = p : :
c(w+ Ry)
_ o) y=Ro _1 Wi ot
. (1 cw) W1++10%0 w+Ro + W ¢0(W1 )
P c(w+ Ry)
_R wt -
B (1 B %) Vljfwlozo + 'y+I/1V1+ Go(W1")(w + Ro)
p c(w + Ro)(w + Ry) ’
which is the Laplace transform of a linear combination of e~ % and e~ 17,
In general, for j = 1,2, ..., assume
. Pj(w) )
¢]<w): J j( ) ]:172"")
cli_o(w+ Ry)
where {Pj(w)};=1,2,.. are functions of w, then,
w+ ?j—l(W;r) Pj_ 1<w>
R N | (A R P (W)
Pj(w) w—W; AW T, (W) +R:)
n = p L= ,
c[Ti_o(w+ Ri) c(w + &)
or,
Pj_ 1(W ) 1 (w) -|
. W_Jr . —w Jl
Pj(w) = Bﬁ(ﬂH—R) [ G Ve R N Ve TS Wy Py (W)
! €iso ' w_WjJr 7+W+HJ 1(W++R)
then, we have
Pj(w)
+  Pawh N _ ]
P W HJ : W++R ) Hi:O (’LU + Rl) ijil(w) Wj+ Pj—l(Wj-i_) = .
= = - + ey H(w—&—Ri) ] =2,3, ...
¢ w= Wj v+ Wj ITico (Wj + Ri) i
A = [(1- £) B g+ o
w) = - — w
! P ) W +Ry w0t 0
Note that, for j = 2,3,..., w = VVjJr is one of the roots of the numerator of the first term,

the denominator w — Wj‘" then is canceled. P;(w) is a polynomial function with degree of 1,
and obviously, by the method of induction, {P;(w)},=1,2 . are polynomial functions of w with

maximum degree of j. Hence, for any j = 1,2, ..., we can have a partial fraction decomposition

P J
I A bii
eIl <w+R Z,:J

i=0

where {bji}izo,l’.“,j are all constants. Since

Lo fe ) = w% i=0,1,....j,
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we have

J
- Zbﬂ-e—Rﬂ, ji=1,2, ...

=0

For j = 0, we have Ry = v — £, and rewrite (8.31) as

~ p v 1 < 7) 1 } 1 p 1
-(-£ 1- = e
Po(w) < ) {Row + Ro/) w+ Ry w  eyw+ Ry’

which is the Laplace transform of

po(z) =1— L o Roz,
cy

Then, the ruin probability 1 (z,t) is a linear combination of {e’RJw}j:O 1, since

p —Row Z _]5t2b]1 —R;z __ iO:Bj(t)e_ij,
§=0

t)=1-¢(z,t) = 1—- eI
V(1) = 1=0(,1) = 1=¢o(a g 05(@) = = 2
where {B;(t)};=0,1,... are all deterministic functions of time ¢. Then, (8.5.1) should hold, because

the asymptotic representation given by Theorem 8.4.31s also a linear combination of {e‘Rﬂ}j:O 1
O
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9

Conclusions and Future Research

This thesis produces a general mathematical framework for modelling the dependence structure of
arriving events with contagion dynamics, mainly based on generalising the Hawkes process (with
exponential decay) and the Cox process with shot noise intensity (with exponential decay). In
Chapter 2, 5, 6 and 7, the dynamic contagion process as well as its extensions dynamic contagion
process with diffusion and discretised dynamic contagion process newly introduced here have been
systemically studied by representing different mathematical definitions, analysing various distri-
butional properties and comparing with other processes. Theoretical results such as the moments,
Laplace transforms, probability generating functions of the point processes and intensity processes,
methods of change of measures as well as computational methodology such as Monte Carlo simu-

lation algorithm and numerical examples are presented.

These new point processes newly introduced in the thesis could have significant potential to
be applicable to a variety of problems in economics, finance and insurance. Here, we only look at
some applications to credit risk in finance in Chapter 3 and ruin problem in insurance in Chapter
4 and 8: the probability of default for a single name and probability distribution of multiple-name
defaults are investigated and calculated by using various methods; the ruin probabilities and es-
timations such as bounds and asymptotics are derived and expressed in different representations.
However, other applications such as managing portfolio credit risk, pricing credit derivatives as well

as modelling the dynamics of risk contagion in economics could be the object of further research.

Some problems are proposed as future research (particularly, from Section 2.5, 3.2, 5.3 and
Chapter 6):

e develop methods of calibration and estimation for a dynamic contagion process;

e apply the one-dimensional dynamic contagion process to pricing derivatives (such as CDS
and CDO) and portfolio risk management (such as capital reserve calculation), with the

parameters calibrated on the real financial data;

e extend to two-dimension or higher-dimension of dynamic contagion processes, and apply to
modelling the contagion risk of two underlying companies (such as counterparty risk);
~ —mt .
e prove Assumption 4.4.1, i.e. limy,_ o E[e Mo Az Xo=z,) = )\] exists and independent of
A;



Conclusions and Future Research

e investigate the distributional properties of the intensity process at ruin time, i.e. E [e"J Ar

T <

oo}.

change of measure for pricing financial derivatives and improving the simulation of the a

dynamic contagion process;

investigate the asymptotics of lim,,_,o P{Ny = n} for the point process N; of the dynamic

contagion process at a fixed time T,
develop the simulation algorithm of the multi-dimensional dynamic contagion processes;

extend to choose other distributions, rather than exponential distributions.
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