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SAIl Tutorial on Complex Numbers and Proof by Induction - Answers
Question A — Exercise Questions

(i)

1. 221+ Z2 = 2(2+3i)+(1-2i) =5 +4i
2. Z1+Z>= (2+3i) (1-2i) =8 -i

3. Z1-iZ2 = (2+43i)-i(1-2i) =2i

4. | 2.z1)=|2+(243i) | =V (4*+39)=5
5

zy _ 2+3i
Tz, 1-2Q
2430 1420 . . .
= 1 Tom (Multiply above and below by conjugate of denominator)
2+4i+3i+6i% _ 2+7i+6(-1)
1-2i+2i-4i2 1-4(-1)
—447i -4 7i
= =— 4+ —
5 5 5
6. 2z; + z, =5 —4i (conjugate of question 1)

(i)
1.2+2i
Find the modulus and argument
r=v22+22=v4+4=+8
Complex Number is in 1st quadrant:
= 0 = Reference Angle

—1(2 _
6=Tan™" (2) = Tan~'(1)= 45"

Polar Form =v/8(C0s45° + iSin45°)

2. =22+ 2/2i

Find the modulus and argument

= 227 + V27 = VBT B = 4
Complex Number is in 2" quadrant:

= @ =180° - Reference Angle

= Reference Angle = Tan™1! (ii) = Tan"1(1)=45°

2v2
= 6 =180°—45%=135°
Polar Form = 4(Cos135° + iSin1359)

Question B (Question 3 Paper 1 2022)
(a)
(i)

Z -1z =6+2i-i(6 + 2i)
=6+2i — 6i — 2i®
=6-4i-2(-1)=8-4i
(ii)
|z|?=6%+2%=40
liz] 2=22+6%=40



|z|*|iz| 2=40+40=80
|z-iz|?=]8-4i|>=8%+4*=80
(iii)

Right angled triangle so Pythagorean therefore diameter = | z|2* |iz| = 80 from pervious
Radius = v80 +2=v20
Area = mr? = 207 square units
OR
Calculate centre as midpoint of iz & z
=2+4i
then Radius is distance to z.

Radius = V(6 -2)*+(2-4)> =vV20
Area = mtr? = 207 square units

(b)
De Moivre’s Thoerom => [rCosB+irSinB]" = r"(Cos(nB)+Sin(nB))
Write complex number in polar form firsti.e. (V3 —1i)=rCosB+irSin@

. [(V3)2 4 (-1)2 =v4 =2

Argument: Complex Number is in 4" quadrant
= 6 =- Reference Angle

Reference Angle = Tan™?! (L) =300

V3
0 = —30°
(V3 —i) = 2(Cos(-30°)+iSin(-30°))
(V3 — i) = 2° (Cos(-30° * 9)+iSin(-30° * 9))
(V3 —1i)? =512 (0 +i) = 512i

a=0,b=512

Question C (Question 1 Paper 1 2021)

(a)

42i  4-2i. 2-4i _ 8-4i-16i+8i° _ 8-20i+8(-1) _  -20i
2+4i 244i  2-4i 4+8i-8i-16i° 4-16(-1) 20
k= -1

(b)

Use De Moivres Theorem:
Polar Form of -5+12i = rCosO+irSin©

Modulus: r = V(52+122)=v169 = 13

Argument: Complex number is in 2™ quadrant:
= 6 =180°— Reference Angle

Reference Angle = Tan™?! (%) = 67.38°

0 =180°-67.38°=112.62
-5+ 12i=13(cos112.620 +isin112.629)



(=5 + 12i)? = [13(c0s112.620 + i sin112.620)] /2

=V13 (cos (1122'62 +n 32ﬂ)+ isin (112'62 +n ?’Zﬂ)) forn=0or1

n=0:
=v13 (cos (1122_62 +0* ?)_'_ i sin (1122.62

= V13 (cos (56.31%)+ i sin (56.319))
= V13 (0.554+ 0.832i)

* 360
+0 2))

=2+3i
n=1.
= V13 (cos (+=22 41 ?H i sin (—112'62 +1* ?))

=V13 (cos (56.31° + 180%)+ i sin (56.31° + 1809))
=V13 (-0.554 - 0.832i)
=-2-3j

(c)
z® =r(cosf + i sind)
z = (r(cos8 + ising))*

T+2nmw . . T+IZnm
:Z(COS 3 + isin )

n=0: z:Z(cosg-I—isin;):l-i-ﬁi

3 P |
n=1 z= z(cos?ﬂ+ 15111?"} =-2

o smo, ..o SmY . e
n=2: 2—2(cos?+131nT)—1 V3i

Question D (Question 2 Paper 1 2020)
(@)
Multiply iz1 by i to get i%z; = -z; and then substitute in formulae
izy =—4+ 3i
i(iz,) = i(—4 + 30)
—z, = —4i + 3i2

zy =3+ 4i
32y — 2, =3(3+4i) — 2z, =11+ 17i
z, =9+ 12i —11—-17i
2, =—2—5i

(b) (i)
5-i 5-i. 3-2i _ 15-3i-10i#2i°  15-13i+2(-1) _ 13-13i

342i 3+2i 3-2i 9+6i-6i-4i° 9-4(-1) 13

Question E (Question 5 Paper 1 2019)
(a) Substitute into the polynomial




B+2)2+pB+20)+qg=0
5+12i+3p+2pi+q=0
2p=—12=>p=—-6
5+3p+q=0 =>q=13

(b)(i)

vl =Va+12 =4
0 = 300°
v = 4(cos 300° + i sin 300°)

Or
lvl|=vV4+12 =4

_5m
K

_4( 5n'+. . 5m

v= cos3 lSln3)
(b)(ii)

1

w = +v2

1
w = +2(cos 300 + isin 300)Z
w = +2(cos 150 + isin 150)
w=+(—V3+i)

w=—3+iorV3—i
Or
w = [4(cos(300 + 360n)

1
+ isin(300 + 360n)](@)

i &
w = 42[cos(150 + 180n) + isin(150
+180n)]

Question F (Question 1 Paper 1 2013)
(a)

__ 4 __ 4 xl—«/§i=4—4\/§i=l_ﬁi
1++f3i 1++f3i 1—4/3i 1+3

(b)



A

Im(z)

\/5 S
lana:—l—:>ar= :>0=—3— I |

Wiy

r=[1=4Gi|={T+3=4=2

2( LY . 5/!] 17 I |
z =2 cos—+isin— e »
3 3 [ 21

(c)
10
0= 2(0055—”+isin5—”}
3 3
=2 coss—”+isin5—” =20 cosso—”«l-isinso—’r
3 3 3 3

2 . 2 1 .43 S f
- 2]()((:05 + 'sm—] = 2“’ — e e _2) 1—4/3i
3 : 3 2 4 2 ( l)

Question G (Question 1 Paper 1 2016)

(a) -4-3i
(b)
r=vV1Z+12=y2 @ =§
aA+i8= {ﬁ(cos’—:--l- isin%:—)}8
(1 + )8 = {16(cos2m + isin2m)}

(1+i)8=16(1)=16

(c)
_@2-0 /242 -4B -
=(2-i):t~/4-42i—1-12+4i
=2—iis/3

2
=1-2iorl+i



Question H (Question 4 Paper 1 2021)

P(1): 2201 4 3 = 7 which is div. by 7
P(k): Assume 231 4+ 3isdiv. by 7
23143 =7M
231 =70 -3

Pk +1): 23542 4 3
=2%(2%1) +3
=8(7TM—-3)+3
=56M —21
P(k + 1) is divisible by 7
True forn = 1 and, if true for n = k, then

true for n = k + 1. Therefore, true for all
n=1

OR
P(k+1):2%%2 43
=2%23%"1) 43
=(7+D2* 1) +3
= (7271 + (2% +3)
Both divisible by 7
True for n = 1 and, if true for n = k, then

true for n = k + 1. Therefore, true for all
n=1.

Question J 2023 Q4 paper 1

Question | (Question 7(d) Paper 1 2020)

1?+224+3 4+ 4n? =
nn+1)(2n+1)
6

P(1): 1= _1(22(3)

Pk):1+4+9++k?=

k(k +1)(2k + 1)
6

Pk+1):1+4+9++k*+ (k+1)?
(k+1)(k+2)(2k+3)

6
LHS:WHJHUZ
s = K E D@D + 60k ¢ 1?
LHS = (k + D)[k(2k 11) + 60k +1)]
1us = K& 1)12**62 + 7k + 6]

(k+ Dk +2)(2k +3) _ RIS

6

Thus the proposition is true forn =k + 1
provided it is true for n = k but it is true
forn = 1 and therefore true for all
positive integers.




(a)

Method 1
(1+i)?2+@B-20A+i)+p=0
1+2i+i2+3+i—-2(?*+p=0
5+3i+p=0
p=-5-3i
Method 2
Let the second root = z,
Sum of roots:
1+i+2z,==-3+2i
Z=—4+1i
Product of roots:
1+d(-4+i)=p
p=-5-3i
Method 3
7 = —3-20+/G-20%-4p
2

2z=—(3-20)+J@B-20)2-4p
2z+3-2i=+/(B-2i)>-4p

[2z+3 —2i]> = (3 - 2i)2 — 4p

z = 1 + i satisfies this equation

(b)

Reference Angle:
S —~ \'.I_ o [¥
@ = tan ‘T- 60 (; rads)
Argument:
= o = o (2=
6 = 180° — 60° = 120° (= rads)

Modulus:

r= ﬂ(-l)z +(v3)°
=
=2

General Polar Form:

2(cos (% - me) + isin (ZT”+ Zmr))

wi=2 (cos (ZTR + Znn) + isin (ZTR + Zru!))

w = [2 (cos (2—;- + Znn) + (sin (331+ ZM))]%

De Moivre:
w= 2;'[(1:05%(2?”4- an) + isin%(%+ Znn))]

= ﬁ[ms(%* m!)ﬁ-isin(%*- ml)l

n=0:
w=vE(cos(Z) + 150 (D))
=vZ %+§i)

= B,

iy




